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Abstract

We introduce DeepSeek-Prover-V2, an open-source large language model designed for formal
theorem proving in Lean 4, with initialization data collected through a recursive theorem prov-
ing pipeline powered by DeepSeek-V3. The cold-start training procedure begins by prompting
DeepSeek-V3 to decompose complex problems into a series of subgoals. The proofs of resolved
subgoals are synthesized into a chain-of-thought process, combined with DeepSeek-V3's step-
by-step reasoning, to create an initial cold start for reinforcement learning. This process enables
us to integrate both informal and formal mathematical reasoning into a unified model. The
resulting model, DeepSeek-Prover-V2-671B, achieves state-of-the-art performance in neural
theorem proving, reaching 88.9% pass ratio on the MiniF2F-test and solving 49 out of 658
problems from PutnamBench. In addition to standard benchmarks, we introduce ProverBench,
a collection of 325 formalized problems, to enrich our evaluation, including 15 selected prob-
lems from the recent AIME competitions (years 24-25). Further evaluation on these 15 AIME
problems shows that the model successfully solves 6 of them. In comparison, DeepSeek-V3
solves 8 of these problems using majority voting, highlighting that the gap between formal and
informal mathematical reasoning in large language models is substantially narrowing.
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Figure 1 | Benchmark performance of DeepSeek-Prover-V2. On the AIME benchmark, DeepSeek-
V3 is evaluated using the standard find-answer task for natural-language reasoning, while
prover models generate Lean code to construct formal proofs for a given correct answer.
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1. Introduction

The emergence of reasoning capabilities in large language models (LLMs) has revolutionized
numerous areas of artificial intelligence, particularly in the domain of mathematical problem
solving (DeepSeek-Al, 2025). These advancements are largely enabled by the paradigm of
inference-time scaling, most notably through natural language chain-of-thought reasoning
(Jaech et al.,[2024). Rather than relying solely on a single forward pass to arrive at an answer,
LLMs can reflect on intermediate reasoning steps, improving both accuracy and interpretability.
Despite the success of natural language reasoning in solving competition-level mathematical
problems, its application to formal theorem proving remains fundamentally challenging. LLMs
perform natural language reasoning in an inherently informal manner, relying on heuristics, ap-
proximations, and data-driven guessing patterns that often lack the rigorous structure required
by formal verification systems. In contrast, proof assistants such as Lean (Moura and Ullrich)
2021), Isabelle (Paulson,|{1994), and Coq (Barras et al., 1999) operate on strict logical foundations,
where every proof step must be explicitly constructed and formally verified. These systems
permit no ambiguity, implicit assumptions, or omission of details. Bridging the gap between
informal, high-level reasoning and the syntactic rigor of formal verification systems remains a
longstanding research challenge in neural theorem proving (Yang et al., 2024).

To harness the strengths of informal mathematical reasoning in support of formal theorem
proving, a classical approach is to hierarchically decompose formal proofs based on the guidance
of natural-language proof sketches. Jiang et al. (2023) proposed a framework, called Draft, Sketch,
and Prove (DSP), that leverages a large language model to generate proof sketches in natural
language, which are subsequently translated into formal proof steps. This informal-to-formal
theorem proving paradigm closely mirrors the concept of subgoals in hierarchical reinforcement
learning (Barto and Mahadevan, 2003;|[Nachum et al., 2018; Eppe et al., 2022), where complex
tasks are broken down into a hierarchy of simpler subtasks that can be solved independently
to progressively achieve the overarching objective. In formal theorem proving, a subgoal
is typically an intermediate proposition or lemma that contributes to the proof of a larger
theorem (Zhao et al} 2023, 2024). This hierarchical decomposition aligns with human problem-
solving strategies and supports modularity, reusability, and more efficient proof search (Wang
et al., |2024b; |Zheng et al., [2024). Recent studies have extended this paradigm by employing
multi-tiered hierarchies for structured proof generation (Wang et al., 2024a), and by leveraging
reinforcement learning techniques to optimize the decomposition of complex theorems into
manageable subgoals (Dong et al., 2024).

In this paper, we develop a reasoning model for subgoal decomposition, leveraging a suite of
synthetic cold-start data and large-scale reinforcement learning to enhance its performance. To
construct the cold-start dataset, we develop a simple yet effective pipeline for recursive theorem
proving, utilizing DeepSeek-V3 (DeepSeek-Al, [2024) as a unified tool for both subgoal decompo-
sition and formalization. We prompt DeepSeek-V3 to decompose theorems into high-level proof
sketches while simultaneously formalizing these proof steps in Lean 4, resulting in a sequence of
subgoals. Since the subgoal decomposition is powered by a large general-purpose model, we use
a smaller 7B model to handle the proof search for each subgoal, thereby reducing the associated
computational burden. Additionally, we introduce a curriculum learning framework that lever-
ages the decomposed subgoals to generate conjectural theorems, progressively increasing the
difficulty of training tasks to better guide the model’s learning process. Once the decomposed
steps of a challenging problem are resolved, we pair the complete step-by-step formal proof with
the corresponding chain-of-thought from DeepSeek-V3 to create cold-start reasoning data. Based
on the cold start, a subsequent reinforcement learning stage is applied to further strengthen
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Show that for any integer =4, we have 2< I

theorem induction_ineq_nsglefactn (n: N) (ho: 4<n):n”2<n!:=sorry

Understanding the Problem
We need to show that for any integer = 4, the inequality 2 < ! holds. Here,

! denotes the factorial of , which is the product of all positive integers up to .

Proof Sketch

To prove this formally, we can use mathematical induction. Here's how the
induction would work:

1. Base Case: Verify the inequality for = 4.

2. Inductive Step: Assume the inequality holds for some =4, ie, < I
Then show that it holds for +1,ie,( +1)2<( +1).

4°: chain-of-thought by DeepSeek-V3
Lean 4 Proof Structure
theorem induction_ineq_nsglefactn (n : N) (ho: 4<n):n”2<n!:=hy

have base_case:472<4!:=by
sorry
B have inductive_step: V k24, kA2<k! > (k+1)72< (k+1)!:=by
sorry
have final_proof: ¥ n24,n”"2<n!:=by
sorry

Bl Recursively Solve Subgoals by DeepSeek-Prover-V2-7B

lemma inductive_step (n : N) (ho : 4 < n) (base_case : 42 2<4 1)
:Vk24,kA2<k! > (k+1)r2<(k+1) !:=hby
sorry

Synthesize into Complete Formal Proofs

theorem induction_ineq_nsglefactn (n : N) (ho:4<n):n”2<n!:=hy
have base_case: 472 2<41:=hy
simp [Nat.factorial]
have inductive_step: V k24, kA 2<k! > (k+1)A2<(k+1)!:=hy
intro k hy hy
simp_all [Nat.factorial]
nlinarith
have final_proof: ¥V n24,n”A2<n!:=hy
intro n hn
induction' hn with k hk
case refl => exact base_case
case step =>
apply inductive_step k hk
exact by assumption

apply final_proof

sorry exact ho

Figure 2 | Overview of the cold-start data collection process employed by DeepSeek-Prover-V2.
We first prompt DeepSeek-V3 to generate a natural-language proof sketch while simultaneously
formalizing it into a Lean statement with sorry placeholders for omitted proof details. A 7B
prover model then recursively solves the decomposed subgoals. By combining these subgoal
proofs, we construct a complete formal proof for the original complex problem. This composed
proof is appended to DeepSeek-V3'’s original chain-of-thought, creating high-quality cold-start
training data for formal mathematical reasoning.

the connection between informal mathematical reasoning and formal proof construction. Our
experiments show that reinforcement learning starting from the cold start of informal reasoning
in task decomposition significantly enhances the model’s capabilities in formal theorem prov-
ing. The resulting DeepSeek-Prover-V2-671B model establishes a new state-of-the-art in neural
theorem proving across multiple benchmarks. On MiniF2F-test, it achieves 82.4% accuracy
with Pass@32, improving to 88.9% with Pass@8192. The model shows strong generalization
capabilities to college-level theorem proving, solving 37.1% of ProofNet-test problems with
Pass@1024 and tackling 49 out of 658 challenging PutnamBench problems. Additionally, we
contribute ProverBench, a benchmark dataset containing 325 formalized problems to advance
neural theorem proving research, including 15 from the prestigious AIME competitions (years
24-25). DeepSeek-Prover-V2-671B successfully solves 6 of these 15 challenging AIME problems,
further demonstrating its sophisticated mathematical reasoning capabilities.

2. Method

2.1. Recursive Proof Search via Subgoal Decomposition

Decomposing the proof of a complex theorem into a sequence of smaller lemmas that serve as
stepping stones is an effective strategy commonly employed by human mathematicians. Several
previous studies have explored this hierarchical strategy in the context of neural theorem prov-
ing, aiming to enhance proof search efficiency by leveraging the informal reasoning capabilities
of modern LLMs (Jiang et al.,[2023; |Zhao et al., 2023} Wang et al., 2024a; Dong et al., 2024). In
this paper, we develop a simple yet effective pipeline that utilizes DeepSeek-V3 (DeepSeek-Al,
2024) as a unified tool for subgoal decomposition in formal theorem proving.
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Show that for any integer =4, we have 2< I

theorem induction_ineq_nsqlefactn (n: N) (ho:4<n):nA2<n!:=sorry

Understanding the Problem
We need to show that for any integer = 4, the inequality 2 < ! holds. Here,

! denotes the factorial of , which is the product of all positive integers up to .

Proof Sketch

To prove this formally, we can use mathematical induction. Here's how the
induction would work:

1. Base Case: Verify the inequality for = 4.

2. Inductive Step: Assume the inequality holds for some =4, ie, < I
Then show that it holds for +1,ie,( +1)2<( +1).

-:. chain-of-thought by DeepSeek-V3

Lean 4 Proof Structure

theorem induction_ineq_nsglefactn (n: N) (ho: 4<n):n~2<n!:=by

have base_case: 472 2<41:=by

sorry
B have inductive_step: V k>4, kA2<k! > (k+1)72<(k+1)!:=by

sorry

have final_proof: ¥ n24,n”"2<n!:=by
sorry

sorry

Bl Recursively Solve Subgoals by DeepSeek-Prover-V2-7B

lemma inductive_step (n : N) (ho : 4 < n) (base_case: 42 2<41)
:Vk24,kr2<sk! > (k+1)r2<(k+1)!:=by
sorry

Synthesize into Complete Formal Proofs

theorem induction_ineq_nsqglefactn (n : N) (ho:4<n):n”2<n!:=by
have base_case:4722<41:=by
simp [Nat.factorial]

have inductive_step: V k24, k”A2<k! > (k+1)A2<(k+1)!:=by
intro k hy h,

simp_all [Nat.factorial]

nlinarith

have final_proof: ¥ n24,n”~2<n!:=by
intro n hn
induction' hn with k hk
case refl => exact base_case
case step =>
apply inductive_step k hk
exact by assumption

apply final_proof
exact ho
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Subgoal Decomposition

theorem imo_1974_p5 (abcds:R)(ho:0<a AO<b A O<c A 0<d)

(hi:s=a/(a+b+d)+b/(a+b+c)+c/(b+c+d)+d/(a+c+d)):
1<s As<2:=by

have term1_pos:0<a/(a+b+d):=bysorry

have term1_lessl:a/(a+b+d)<1:=bysorry

have term2_pos: 0<b/(a+b +c):= by sorry

have term2_lessl:b/(a+b+c)<1:=bysorry

have term3_pos:0<c/ (b +c+d) := by sorry

have term3_lessl:c/ (b+c+d)<1:=bysorry

have term4_pos : 0<d / (a+c+d) := by sorry

have term4_lessl:d/ (a+c+d)<1:=bysorry

(a) Substitute the original goal

lemma lower_bound (abcds:R)(hg:0<a AO<b AO<c A0<d)
(h:s=a/(a+b+d)+b/(a+b+c)+c/(b+c+d)+d/(a+c+d)):
B 1<s:=by
sorry

(b) Incorporate preceding subgoals as premises

lemma lower_bound (abcds:R)(ho:0<a AO<b AO<cA0<d)
(m:s=a/(a+b+d)+b/(a+b+c)+c/(b+c+d)+d/(a+c+d))
(term1_pos:0<a/(a+b+d)) (terml_lessl:a/(a+b+d)<1)
(term2_pos:0<b/(a+b+c)) (term2_lessl:b/(a+b+c)<1)

(term3_pos:0<c/(b+c+d)) (term3_lessl:c/(b+c+d)<1)
(term4_pos:0<d/(a+c+d)) (term4_lessl:d/(a+c+d)<1):
B 1<s:=by

B have lower_bound : 1 <s := by sorry
have upper_bound : s < 2 := by sorry
sorry

Figure 3 | An illustrative example of how we translate decomposed subgoals into a series of
lemma statements. We first (a) replace the original goal state and then (b) incorporate preceding
subgoals as premises. Statement type (b) is used for recursive solving of complex problems,
while both types (a) and (b) are incorporated into the curriculum learning process.

Sketching Formal Proofs from Natural Language Reasoning. Recent advances in large lan-
guage models have led to significant breakthroughs in informal reasoning capabilities. To bridge
the gap between formal and informal reasoning, we leverage cutting-edge general-purpose
LLMs, recognized for their strong mathematical reasoning and instruction-following abilities, to
construct the foundational framework of our theorem-proving system. Our findings indicate
that off-the-shelf models, such as DeepSeek-V3 (DeepSeek-Al, [2024)), are capable of decompos-
ing proof steps and expressing them in formal languages. To prove a given formal theorem
statement, we prompt DeepSeek-V3 to first analyze the mathematical problem in natural lan-
guage, then decompose the proof into smaller steps, translating each step into a corresponding
Lean formal statement. Since general-purpose models are known to struggle with producing
complete Lean proofs, we instruct DeepSeek-V3 to generate only a high-level proof sketch with
the details omitted. The resulting chain of thought culminates in a Lean theorem composed of a
sequence of have statements, each concluded with a sorry placeholder indicating a subgoal to
be solved. This approach mirrors the human style of proof construction, in which a complex
theorem is incrementally reduced to a sequence of more manageable lemmas.

Recursive Resolution of Subgoals. Leveraging the subgoals generated by DeepSeek-V3, we
adopt a recursive solving strategy to systematically resolve each intermediate proof step. We
extract subgoal expressions from have statements to substitute them for the original goals in
the given problems (see Figure Bfa)), and then incorporate the preceding subgoals as premises
(see Figure [B(b)). This construction enables subsequent subgoals to be resolved using the
intermediate results of earlier steps, thereby promoting a more localized dependency structure
and facilitating the development of simpler lemmas. To reduce the computational overhead
of extensive proof search, we employ a smaller 7B prover model specifically optimized for
processing the decomposed lemmas. Upon the successful resolution of all decomposed steps, a
complete proof of the original theorem can be automatically derived.

Curriculum Learning for Subgoal-based Theorem Proving. The training of prover models
requires large formal-language problem sets, typically derived by formalizing existing natural-
language mathematical corpora (Xin et al., 2024a;|Ying et al.,|[2024; Lin et al., 2025). Although
formalization of human-authored texts provides high-quality and diverse formal content, the
resulting training signals for prover models are often sparse, as a large proportion of computa-
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Subgoal Decomposition (a) Substitute the original goal

theorem imo_1974_p5 (abcds:R)(ho:0<a A 0<b A0<c A 0<d) lemma lower_bound (abcds:R)(ho:0<a AO<b AO<cA0<d)
(hv:s=a/(a+b+d)+b/(a+b+c)+c/(b+c+d)+d/(a+c+d)): (hy:s=a/(a+b+d)+b/(a+b+c)+c/(b+c+d)+d/(a+c+d)):
1<s As<2:=by B 1<s:=by

have term1_pos:0<a/(a+b +d):= by sorry sorry

have term1_lessl:a/(a+b +d)<1:=bysorry
have term2_pos: 0<b / (a+b +c) := by sorry

:ave termg_lesslléb /@ ;b * c)d< 1_; 37y lemma lower_bound (abcds:R)(ho:0<a AO<b AO<c A 0<d)
ave term3_pos : 0<c/|(b +c +d) :=bysorry (hi:s=a/(a+b+d)+b/(a+b+c)+c/(b+c+d)+d/(a+c+d)
:ave term3_|ess].. efBoend)« :l._::bby sorry (term1_pos:0<a/(a+b+d))(terml_lessl:a/(a+b+d)<1)
have term4_|pos . 0: At Cd+ d .—_\{Jsorry (term2_pos:0<b/(a+b+c)) (term2_lessl:b/(a+b+c)<1)

e i el 36/l @ 6 < 1 5= by oty (term3_pos:0<c/(b+c+d)) (term3_lessl:c/(b+c+d)<1)

& have lower_bound : 1 <s := by sorry (term4_pos:0<d/(a+c+d)) (termd_lessl:d/(a+c+d)<1):
have upper_bound : s < 2 := by sorry B 1<s:=by

sorry

(b) Incorporate preceding subgoals as premises

sorry
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tional attempts do not yield successful proofs and therefore offer no positive reward signals.
To generate denser training signals, Dong and Ma (2025) proposed a self-play approach that
enriches training problem sets by generating tractable conjectures closely related to the original
theorem statements, thereby enabling more efficient use of training compute. In this paper, we
implement a straightforward approach that leverages subgoals to expand the scope of formal
statements used for model training. We generate two types of subgoal theorems, one incor-
porating preceding subgoals as premises and one without, corresponding to Figure B(b) and
Figure [(a), respectively. Both types are integrated into the expert iteration stage (Polu and
Sutskever, 2020), establishing a curriculum that progressively guides the prover model toward
systematically addressing a curated subset of challenging problems. This procedure builds on
the same underlying principle as AlphaProof’s test-time reinforcement learning (DeepMind,
2024), wherein variations of a target problem are generated to enhance the model’s capability in
solving challenging IMO-level problems.

2.2. Unifying Informal Reasoning and Proof Formalization

The algorithmic framework discussed above operates in two stages, leveraging two comple-
mentary models: DeepSeek-V3 for lemma decomposition and a 7B prover model to complete
the corresponding formal proof details. This pipeline provides a natural and scalable mecha-
nism for synthesizing formal reasoning data by combining high-level reasoning from language
models with precise formal verification. In this manner, we unify the capabilities of informal
mathematical reasoning and proof formalization within a single model.

Cold Start by Synthetic Data. We curate a subset of challenging problems that remain unsolved
by the 7B prover model in an end-to-end manner, but for which all decomposed subgoals have
been successfully resolved. By composing the proofs of all subgoals, we construct a complete
formal proof for the original problem. This proof is then appended to DeepSeek-V3’s chain-of-
thought, which outlines the corresponding lemma decomposition, thereby producing a cohesive
synthesis of informal reasoning and subsequent formalization. It enables the collection of
hundreds of high-quality synthetic cold-start data, which serve as the foundation for training
DeepSeek-Prover-V2. This cold-start dataset generation strategy differs from that of Kimina-
Prover (Wang et al., 2025), a concurrent work on formal reasoning models. Specifically, we
synthesize data by formalizing natural-language proofs directly into structured formal proof
sketches. In contrast, Kimina-Prover adopts a reverse workflow: it begins by collecting complete
formal proofs alongside their informal counterparts, then uses general-purpose reasoning
models to retrosynthesize intermediate natural-language reasoning steps into coherent thinking
blocks.

Reasoning-oriented Reinforcement Learning. After fine-tuning the prover model on the
synthetic cold-start data, we perform a reinforcement learning stage to further enhance its ability
to bridge informal reasoning with formal proof construction. Following the standard training
objective for reasoning models (DeepSeek-Al, 2025), we use binary correct-or-incorrect feedback
as the primary form of reward supervision. During the training process, we observe that the
structure of the generated proofs frequently diverges from the lemma decomposition provided
by the chain-of-thought guidance. To address this issue, we incorporate a consistency reward in
the early steps of training, which penalizes the structural misalignment, explicitly enforcing the
inclusion of all decomposed have-structured lemmas in the final proof. In practice, enforcing
this alignment enhances proof accuracy, especially on complex theorems that demand multi-step
reasoning.
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2.3. Training Details of DeepSeek-Prover-V2

Two-Stage Training. DeepSeek-Prover-V2 is developed through a two-stage training pipeline
that establishes two complementary proof generation modes:

1. High-efficiency non-Chain-of-Thought (non-CoT) mode: This mode is optimized for
the rapid generation of formal Lean proof codes, focusing on producing concise proofs
without explicit intermediate reasoning steps.

2. High-precision Chain-of-Thought (CoT) mode: This mode systematically articulates
intermediate reasoning steps, emphasizing transparency and logical progression, before
constructing the final formal proofs.

Consistent with DeepSeek-Prover-V1.5 (Xin et al| 2024b), these two generation modes are
governed by two distinct guiding prompts (see Appendix[A]for examples). In the first stage,
we employ expert iteration within a curriculum learning framework to train a non-CoT prover
model, meanwhile, synthesizing proofs for hard problems through subgoal-based recursive
proving. The non-CoT generation mode is chosen to accelerate iterative training and data
collection processes, as it offers significantly faster inference and validation cycles. Building on
this foundation, the second stage leverages cold-start chain-of-thought (CoT) data synthesized
by integrating DeepSeek-V3’s sophisticated mathematical reasoning patterns with our synthetic
formal proofs. The CoT mode is enhanced through a further reinforcement learning stage,
following the standard training pipeline commonly used for reasoning models.

Expert Iteration. The training procedure for the non-CoT mode of DeepSeek-Prover-V2 follows
the paradigm of expert iteration (Polu and Sutskever, 2020), a widely adopted framework for
developing formal theorem provers. In each training iteration, the current best prover policy is
used to generate proof attempts for those challenging problems that remain unsolved in prior
iterations. Those successful attempts, verified by Lean proof assistant, are incorporated into
the SFT dataset to train an improved model. This iterative loop ensures that the model not
only learns from the initial demonstration datasets but also distills its own successful reasoning
traces, progressively refining its ability to solve harder problems. The overall training procedure
remains largely aligned with that of DeepSeek-Prover-V1 (Xin et al.,2024a) and DeepSeek-Prover-
V1.5 (Xin et al., [2024b), with only two modifications to the distribution of training problems.
First, we incorporate additional problems derived from autoformalization and various open-
source datasets (Ying et al., 2024; Dong and Ma, [2025; [Lin et al., 2025), broadening the coverage
of the training problem domains. Second, we augment the dataset with problems generated
through subgoal decomposition, aiming at solving more challenging instances from the valid
split of the MiniF2F benchmark (Zheng et al., 2022).

Supervised Fine-tuning. We perform supervised fine-tuning on DeepSeek-V3-Base-671B
(DeepSeek-Al, 2024) using a constant learning rate of 5e-6 within a context window of 16,384
tokens. Our training corpus consists of two complementary sources: (1) non-CoT data collected
through expert iteration, which produces Lean codes without intermediate reasoning steps;
and (2) the cold-start CoT data described in Section which distills DeepSeek-V3’s advanced
mathematical reasoning processes into structured proving pathways. The non-CoT components
emphasize formal verification skills in the Lean theorem prover ecosystem, while the CoT
examples explicitly model the cognitive process of transforming mathematical intuition into
formal proof structures.
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Reinforcement Learning. We employ Group Relative Policy Optimization (GRPO; Shao et al.,
2024) as our reinforcement learning algorithm, which has demonstrated superior effectiveness
and efficiency in reasoning tasks (DeepSeek-Al, 2025). Unlike PPO (Schulman et al., 2017),
GRPO eliminates the need for a separate critic model by sampling a group of candidate proofs
for each theorem prompt and optimizing the policy based on their relative rewards. Training
utilizes binary rewards, where each generated Lean proof receives a reward of 1 if verified as
correct and 0 otherwise. To ensure effective learning, we curate training prompts to include
only problems that are sufficiently challenging yet solvable by the supervised fine-tuned model.
During each iteration, we sample 256 distinct problems, generating 32 candidate proofs per
theorem with a maximum sequence length of 32,768 tokens.

Distillation. We extend the maximum context length of DeepSeek-Prover-V1.5-Base-7B (Xin
et al.,2024b) from 4,096 to 32,768 tokens and fine-tune this extended-context model using rollout
data collected during the reinforcement learning phase of DeepSeek-Prover-V2-671B. Alongside
the CoT reasoning mode, we incorporate non-CoT proof data collected during expert iteration
to enable a cost-efficient proving option that produces concise formal outputs with a small-size
model. In addition, we perform the same reinforcement learning stage used in the training of
the 671B model to boost the performance of DeepSeek-Prover-V2-7B.

3. Experimental Results

In this section, we present a systematic evaluation of DeepSeek-Prover-V2 across diverse bench-
mark datasets of formal theorem proving, covering both high school competition problems
and undergraduate-level mathematics. All experimental results of DeepSeek-Prover-V2 are
conducted with Lean 4.9.0, using the same testing environment as DeepSeek-Prover-V1.5 (Xin
et al., 2024b). Without further specification, baseline evaluation results are sourced from their
respective original papers.

3.1. Results on MiniF2F Benchmark

MiniF2F (Zheng et al} 2022) consists of 488 formalized problem statements sourced from a
diverse range of mathematical materials, including the AIME, AMC, and IMO competitions,
along with selected problems from the MATH dataset (Hendrycks et al., 2021). The benchmark
includes Olympiad-level problems covering core areas of elementary mathematics, including
algebra, number theory, and induction. These problems are divided into two equally sized
subsets, denoted by miniF2F-valid and miniF2F-test, each containing 244 problems with an
identical distribution across subject areas. We reserve the miniF2F-test set exclusively for evalu-
ating model performance, while the miniF2F-valid problems are incorporated into curriculum
learning with subgoal decomposition. We adopt the revised version of miniF2F released by
Wang et al|(2025), and further introduce two additional revisions to miniF2F-valid and one
revision to miniF2F-test (see Appendix[C).

Comparison with SOTA Models. Table[I|summarizes a comparison of state-of-the-art formal
theorem-proving modeling evaluated on the miniF2F-test dataset. The experimental results
demonstrate that DeepSeek-Prover-V2-671B establishes a new state-of-the-art performance
on the miniF2F-test benchmark, achieving an unprecedented 82.4% accuracy with only 32
samples when leveraging the CoT generation strategy. Notably, the more parameter-efficient
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Method Model size Sample budget miniF2F-test

Tree Search Methods
Hypertree Proof Search (Lample et al., [2022) 600M 64 x 5000 41.0%
InternLM2.5-StepProver + BFS + CG (Wu et al.,[2024) 7B 256 x 32 x 600 65.9%
HunyuanProver v16 + BFS + DC (Li et al.}2024) 7B 600 x 8 x 400 68.4%
Mxm et al.,_ 2025) 7B 2048 x 2 x 600 70.83% + 0.89%
Whole-proof Generation Methods
Leanabell-Prover-GD-RL (Zhang et al.,|2025) 7B 128 61.1%
Goedel-Prover-SFT (Lin et al.,[2025) 7B 25600 64.7%
STP (Dong and Ma}[2025) 7B 25600 67.6%
1 52.5%
Kimina-Prover-Preview-Distill (Wang et al.,[2025) 7B 32 63.1%
1024 70.8%
1 52.94%
.. . 32 68.85%
Kimina-Prover-Preview (Wang et al.,[2025) 72B 1024 77 87%
8192 80.74%
1 55.5% + 1.4%
7B 32 68.0% = 0.5%
1024 73.2% +0.5%
8192 75.0%
DeepSeek-Prover-V2  (non-CoT) T 595% 1 1A%,
32 73.8% + 0.4%
6718 1024 76.7% + 0.2%
8192 78.3%
1 58.6% + 1.1%
7B 32 75.6% + 0.5%
1024 79.9% + 0.3%
8192 82.0%
DeepSeek-Prover-V2  (CoT) T GI9% 16%
32 82.4% + 0.6%
671B 1024 86.6% = 0.3%
8192 88.9%

Table 1 | Comparison with state-of-the-art models on the miniF2F-test dataset. The notation
1 + o denotes the average accuracy p and the standard deviation o. The tags CoT and non-CoT
refer to two generation modes of a unified model, each guided by a different prompt.

Problem Categor miniF2F-valid miniF2F-test
gory curriculum (+Pass@8192) Pass@8192
MO 10/20 = 50.0% 10/20 = 50.0%
Olympiad AIME 10(+2)/15 = 80.0% 14/15 = 93.3%
AMC 39/45 = 86.7% 35/45 = 77.8%
MATH Algebra 69/70 = 98.6% 70/70 = 100.0%
Number Theory 58/60 = 96.7% 58/60 = 96.7%
Algebra 18/18 = 100.0% 15/18 = 83.3%
Custom Number Theory 8/8 = 100.0% 7/8 =87.5%
Induction 8/8 = 100.0% 8/8 = 100.0%
Overall Pass Rate 220(+2)/244 = 91.0% 217/244 = 88.9%

Table 2 | Problems solved by DeepSeek-Prover-V2-671B on the miniF2F benchmark. Results on
miniF2F-valid are collected throughout the curriculum learning process, and DeepSeek-Prover-
V2-671B is further invoked with Pass@8192 on the remaining problems.
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DeepSeek-Prover-V2-7B also exhibits competitive performance, surpassing all existing open-
source theorem provers in the literature. The comparative analysis further reveals a compelling
scaling pattern: as the sample budget increases from 1 to 8192, the performance gap between
the 7B and 671B variants widens considerably, with the larger model demonstrating superior
sample efficiency and a steeper improvement trajectory.

Proving Challenging Problems through Subgoal-guided Curricula. Table[2] presents a de-
tailed breakdown of the problems solved by DeepSeek-Prover-V2 on the miniF2F benchmark,
where it achieves strong overall performance with a 91.0% pass rate on the validation set and
88.9% on the test set. Remarkably, our subgoal-guided curriculum learning framework, which
integrates the general-purpose model DeepSeek-V3 with a lightweight specialized 7B prover,
achieves a 90.2% success rate on miniF2F-valid, nearly matching the performance of DeepSeek-
Prover-V2-671B. These findings highlight the potential of state-of-the-art general-purpose LLMs
to extend beyond natural language understanding and effectively support complex formal
reasoning tasks. Through strategic subgoal decomposition, the model is able to break down
challenging problems into a sequence of tractable steps, serving as an effective bridge between
informal reasoning and formal proof construction.

CoT vs. non-CoT. The experimental results

in Table [I| demonstrate a substantial perfor- #output tokens  non-CoT  CoT
mance advantage of the CoT reasoning mode 7B 4426 44885
over the non-CoT mode in formal mathemat- 671B 761.8  6751.9

ical reasoning. This reinforces the effectiveness

of CoT prompting, which encourages decom-  Table 3 | Average number of tokens generated

position of complex problems into intermedi- by DeepSeek-Prover-V2 on miniF2F-test.
ate steps, and further confirms that inference-

time scaling holds in the domain of formal theorem proving. Complementing these findings,
Table 3| provides statistics on the number of tokens generated by DeepSeek-Prover-V2 under
different reasoning modes. As expected, the CoT mode produces significantly longer outputs,
reflecting its sophisticated reasoning process. Interestingly, within the non-CoT setting, the 671B
model generates longer outputs on average compared to the 7B model. A closer examination
reveals that, although explicit reasoning is not prompted in the non-CoT mode, the larger model
often inserts brief natural language comments within the proof code that resemble implicit
reasoning steps (see Appendix[A). This suggests that high-capacity models may internalize and
externalize intermediate reasoning implicitly, even in the absence of explicit CoT prompting

3.2. Results on Undergraduate-level Benchmarks

ProofNet (Azerbayev et al.,[2023) consists of 371 problems in Lean 3, drawn from a range of
popular undergraduate pure mathematics textbooks, covering topics such as real and complex
analysis, linear algebra, abstract algebra, and topology. We use the Lean 4 translation of ProofNet
made available by Xin et al.|(2024b), which is further divided into two splits: ProofNet-valid
and ProofNet-test, containing 185 and 186 problems, respectively. The test split of ProofNet
is reserved exclusively for model evaluation, as variants of the ProofNet-valid problems are
included in the public synthetic dataset provided by |Dong and Ma, (2025), which is used in
our supervised fine-tuning. The results, shown in Table ] indicate a substantial improvement
in the pass rate of DeepSeek-Prover-V2 when using CoT reasoning compared to the non-
CoT setting. Notably, despite the training data being predominantly drawn from high-school
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B AR RINMEREZ I YR, BORRIBARIRILH B LRI AR B BEUE T2 T

HE T BARS [ SIRAR IR B A B R A8,  FR21E4H%1) H T DeepSeek-Prover-V 21Emini F2F5L i
TR AR ORI ARy, Hp e AR BRI, ERIEE LB R 791.0%, AN
5% 1-7988.9%, (HIFTFENZE, BAINFERG | FEREYSINEZR, Kid T DeepSeek-V35 5

BRME HATBIEIAMSSS SR, fEminiF2F-valid ES2E T 90.206M BN, 15 DeepSeek-Prov
er-V2-671BHIMERERHILAL, IXLERINRE T HSEHBE ARG SRR RIES R, §
RO E Z T AR5 7T T ). T8I st o i T B bR, BBURENE R BAABRAEERT R

AR — RFN TR R, O AR E S S (F ERAA 2 A SO0 22

CoT 59E-CoT, RIFHIKIWERER, TEIE

B CoTHEFR AT T-4E-CoT /s #output tokens  non-CoT  CoT
KXEHEBEFENEREM S, XiH—H1ERH T CoT 7B 4426 44885
PRORIE R, E B 2 A S R 671B 761.8 67519
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IR, FHHE— P EIA T HEE-{{v*}} 73 | DeepSeek-Prover-V2 7£ miniF2F Il A 4=

DI BSESiE +

I TR AR S U BRI B U L, AN FEIXEE R BIRE, R3TE ML T E AR N Deep
Seek-Prover-V 24 IRHIARIC RIS EdE, anwii], CoTHr~ ARkt E K, KT HE
RIS AR, BBV, TEAFCoTIREM, 671BRAA: At T L 7B A K, (T4
KR, REFEAECOTHI A MRS TR, (HRORRIBRIZE 5 LR AL i A
WERES L, REPFIRRCITREHEEDER (UHRA) o IRIEE BRG]
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3.2. ARPKPELHEMIA 2SR

ProofNet (Azerbayev % A, 2023) H371Lean 3FFHYIAIRHLA AR, KIE T —RFmITHIARIEEL
FHM, MR, Bobr. SMEREL MR ARERIRINE T, BAMEHAAEXIn AN (2024
b) fRHLHILean 4k AR HIProofNet, ZhRAIE—H 73 W87 : ProofNet-validflProof Net-test,
3l 518511186/ A/,  Proof NetfI ISR & [ TH TR AU A4S, A2 Proof Net-validin] @iy 2%
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Method Model size Sample budget ProofNet-test PutnamBench

- 32 15.6% 6/644

Goedel-Prover-SFT (Lin et al.,[2025) 7B 512 B 7 /644

128 19.5% +0.7% 7/644

STP (Dong and Ma}, 2025) 7B 3200 23.9% + 0.6% 8/644
25600 26.9% -

32 21.6% = 0.2% 11/658

7B 128 23.1% + 0.6% 15/658

1024 24.7% 23/658

DeepSeek-Prover-V2  (non-CoT) & 238% £ 0% 9/658

671B 128 27.2% + 0.5% 11/658

1024 31.2% 16/658

32 23.0% = 0.4% 9/658

7B 128 25.4% + 0.7% 10/658

1024 29.6% 11/658

DeepSeek-Prover-V2  (CoT) e 305% £ 07% 22/658

671B 128 33.6% = 0.3% 33/658

1024 37.1% 49/658

Table 4 | The experimental results on ProofNet-test and PutnamBench. The scores for Goedel-
Prover-SFT and STP on PutnamBench are sourced from their original papers, which conducted
evaluations on an earlier version of PutnamBench comprising 644 problems.

level mathematics, the model exhibits strong generalization to more advanced, college-level
mathematical problems, underscoring its robust formal reasoning capabilities.

PutnamBench (Tsoukalas et al., 2024) is a continuously updated benchmark featuring competi-
tion mathematics problems from the William Lowell Putnam Mathematical Competition, spanning
the years 1962 to 2023. The Putnam Competition is a highly prestigious annual mathematics
competition for undergraduate students across the United States and Canada, encompassing a
variety of college-level domains such as analysis, linear algebra, abstract algebra, combinatorics,
probability, and set theory. We evaluate our model on the latest release of PutnamBench, which
contains 658 problems formalized in Lean 4. We exclude problems that are incompatible with
Lean 4.9.0 and evaluate the model on the remaining set of 649 problems. As shown in Table {4,
DeepSeek-Prover-V2-671B demonstrates enhanced reasoning capabilities in the PutnamBench,
solving 49 problems and significantly outperforming its non-CoT counterpart. These results
further highlight the effectiveness of the CoT reasoning approach in handling challenging,
college-level mathematical problems.

Skill Discovery by Reinforcement Learning. An unexpected finding in our evaluation is the
exceptional performance of DeepSeek-Prover-V2-7B with non-CoT generation mode on the
PutnamBench dataset. Remarkably, this smaller 7B model successfully solves 13 problems that
remain unsolved by its larger counterpart, DeepSeek-Prover-V2-671B, raising our total number
of solved problems on PutnamBench from 49 to 62 out of 658. Upon closer examination of the
model’s outputs, we identified a distinctive pattern in its reasoning approach: the 7B model
frequently employs Cardinal.toNat and Cardinal.natCast_inj to handle problems in-
volving finite cardinalities (see examples in Appendix [B), which are noticeably absent in the
outputs generated by the 671B version. This technique appears to enable the model to effectively
solve a subset of problems that require nuanced manipulation of cardinal values.
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Method Model size Sample budget ProofNet-test PutnamBench
32 15.6% 6/644

Goedel-Prover-SFT (Lin et al., 2025) 7B

512 7/644

128 19.5% +0.7% 7/644

STP (Dong and Ma, 2025) 7B 3200 23.9% + 0.6% 8/644
25600 26.9% -

32 21.6% = 0.2% 11/658

7B 128 23.1% + 0.6% 15/658

1024 24.7% 23/658

DeepSeek-Prover-V2  (non-CoT) 7 238% £ 0% 9/658

671B 128 27.2% + 0.5% 11/658

1024 31.2% 16/658

32 23.0% + 0.4% 9/658

7B 128 25.4% + 0.7% 10/658

1024 29.6% 11/658

DeepSeek-Prover-V2 (CoT) e 305% £ 07% 22/658

671B 128 33.6% + 0.3% 33/658

1024 37.1% 49/658

724 | 1£Proof Net-testflIPutnamBench Y SE4u 455, Goedel- Prover-SFTAISTPYEPutnamBench |-
E%%EE{HE’JE B0, XIS AR AR PutnamBench (28644 Nal@) _Hi#ET T 1F

TERSREATTH, AR R I N B 2R R 2P REE R 58 T2 AL RE T, S B HAR Y
A HERERE ST

PutnamBench (Tsoukalas %, 2024) J&— PHEELEHAYFENL, ©EkA

William Lowell Putnam Mathematical Competition FTEFEEF#E, K55 1962 4F3 2023 EHJLE
1o ErFr e PR R EFIERRRAEFERTRINAF BECEREE, RO, StERE

« HRAEL HEF BERMESIEFE MRS, BAHERFTHART PutnanBench
EIPAEFERAIAERTY RS Lean 4 IETXEAY 658 IE@IH . FRATHEFRS Lean 4.9.0 A3RA
I, FHAERIRD 649 B H EHATIFL, W3R 4 FirR, DeepSeek-Prover-V2-671B £ Putnam
Bench b/RIIHI SR AYHERIRES), MRIRT 493E/IH, WA THAR CoT fiA, XEELRME—D
R T CoT HEFLTEATEAL IR B A BRI R84 H A R,

IR ST TRGRE A I, TERRATBIEAG A, —DNEEAZIR A IZ, DeepSeek-Prover-V2-7
BfEIECoTAE Al X N FEPutnamBenchHiE & VR A5 i, EREENE, X PME/NITB

RS Dk 17 13D H B KRR A DeepSeek-Prover-V 2-671B A RE MR AT R,  {HE A T1EPutnamBen
ch b 1Y S iR R [A] BN AOKE NI 62 (658 MRl o 8 A S Y ARl E%, FRATTARER
HEH B EE D EEE: 7BRAIZL E#FCardinal . toNat Al

Cardinal .natCast_inj RS KA RREEIRI (WMSRBHIIRE]D) |, MTE67IBMAL
St H A S DX AR S, X —HOR LT AR GRS B R o — R 73 75 BN B E I T4

BARER 7],
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ProverBench

Method Model size Sample budget All AIME 24825
32 27.5% +0.7% 0/15
STP (Dong and Ma, 2025) 7B 128 31.4% +1.1% 1/15
512 36.3% 1/15
32 47.7% + 0.6% 1/15
7B 128 48.8% +0.2% 1/15
512 49.5% 1/15
DeepSeek-Prover-V2  (non-CoT) o 5% 05% 1715
671B 128 51.5% + 0.3% 2/15
512 52.3% 2/15
32 49.0% + 0.3% 1/15
7B 128 50.8% + 0.5% 1/15
512 51.7% 1/15
DeepSeek-Prover-V2  (CoT) & 559% £ 0.9% 15
671B 128 56.5% + 0.5% 5/15
512 59.1% 6/15

Table 6 | The experimental results on ProverBench. The A1l category represents the complete
evaluation set consisting of 325 problems, while AIME 24&25 denotes a subset of 15 problems
formalized from recent AIME competitions. The results for STP (Dong and Ma), [2025) are
evaluated using the open-source model weights.

3.3. Results on Combinatorial Problems

CombiBench (Liu et al 2025) is a comprehen-
sive benchmark comprising 100 combinatorial
competition problems formalized in Lean 4, each

CombiBench Pass@16
Kimina-Prover-Preview (Wang et al.,[2025) 7/100

paired with its corresponding natural-language DeepSeek-Prover-V2-7B HOE'CTOT 180//1100%
o

statement. We evaluate DeepSeek-Prover-V2

in the with-solution setting of this benchmark, DeepSeek-Prover-V2-671B nog)CTOT 192/ /1100%

where the correct answer is embedded in the

Lean statement, allowing the evaluation to fo- Table 5 | Evaluation results on CombiBench

cus solely on proof generation. After filtering ynder the with-solution setting.
out problems incompatible with Lean 4.9.0 and

those containing multiple sorry placeholders, we evaluate on 77 problems from the bench-
mark and successfully solve 12 of them. These results indicate that, while the prover model is
primarily trained in number theory and algebra, it demonstrates promising generalization to
combinatorial problems, despite their persistent difficulty.

3.4. ProverBench: Formalization of AIME and Textbook Problems

To enhance existing benchmarks and advance research in formal theorem proving, we introduce
a benchmark dataset comprising 325 problems. Of these, 15 are formalized from number theory
and algebra questions featured in the recent AIME competitions (AIME 24 and 25), offering
authentic high-school competition-level challenges. The remaining 310 problems are drawn from
curated textbook examples and educational tutorials, contributing a diverse and pedagogically
grounded collection of formalized mathematical problems. This benchmark is designed to
enable more comprehensive evaluation across both high-school competition problems and
undergraduate-level mathematics.
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Method Model size Sample budget ProverBench

All AIME 24&25
32 27.5% £ 0.7% 0/15
STP (Dong and Ma, 2025) 7B 128 31.4% £ 1.1% 1/15
512 36.3% 1/15
32 47.7% £ 0.6% 1/15
7B 128 48.8% +0.2% 1/15
DeepSeek-Prover-V2  (non-CoT) 53122 Yo 5%/9_?_6’ 55, %E
671B 128 51.5% + 0.3% 2/15
512 52.3% 2/15
32 49.0% + 0.3% 1/15
7B 128 50.8% + 0.5% 1/15
DeepSeek-Prover-V2  (CoT) 53122 55 950/1Z€ 59, iﬁg
671B 128 56.5% + 0.5% 5/15
512 59.1% 6/15

76 | ProverBenchfJs2ge 4t 5, A112RBIMF 325N A A AR 2 #EPEAL 2, TMAIME 24& 2538
RMIEHIAIMEZR B LAY 157 AT T8, STP (DongfliMa, 2025) K455
RURE HEA TIEAS

3.3 HERBHIGER
CombiBench (Liu%s, 2025) E—NEmAyHE#E

M, WHE100 FLean AL s geim  omibench Pass01®
’ /I\I‘E‘J @ %BEE ﬁ ;FH EZ EI/‘J Q %iﬁ %B{Ej&ko ﬁ ﬂ] Tj?. Kimina-Prover-Preview (Wang et al., 2025) 7/100
2 E WA ARG 2 Y DeepSeek-Prover-V/2, DeepSeek-Prover-v27p "0t B
HAEfE RIRASELeanfRiR T,  MITEIEAE Y DeepSeek-Prover.va-671p  RO-CoT  9/100
LREFIFIAAE AR, E0I%ET 5 Lean 4.9.0R36241 CoT 12/100
R, 55 | (AR 7 26 B R % CombiBenchil]

PR,

NTHEEZA sorry SAFTHIEN, BAHERMENAY 77/ WA ET 7R, Ao T H
HEJ1274y, IXEEEERRE, REIEMSS A 2B REBUT TG, EEEH SR
FRZACRE AR Nk, RERENE—ERA PR,

3.4. ProverBench: AIME FfIZ0E} 45 R @RI 2L

N7 WESE A B EE NI HES S 2V B URAI I 52, A5 I T — & 325 MR
FEREE, Hrf, 15 M HAEZEMITH AIME 5238 (AIME 24 1 25) FEaeA A EGE H EX
femick, et T BAELEPTIOCFIPK, HARE 310 NREER B RO PRIE R BRE R E
MBABELRE, KT — DA HEA RE MR AR, %5 5 S =
SR H AR R 1 B 2 Al
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AIME Formalization. The American In-
vitational Mathematics Examination (AIME)
is an annual mathematics competition de-
signed to challenge and recognize talented
high school students who demonstrate ex-
ceptional proficiency in mathematics. The
problems from AIME 24&25 have become a
standard benchmark for evaluating the rea-
soning capabilities of large language mod-
els. In order to bridge the evaluation of
model performance across formal and in-
formal mathematical reasoning, we curate
and formalize a subset of problems from

Contest Problems

AIME 241 P2, P7,P13
AIME 2411 P4,P7, P13,P14
AIME 251 P1, P8,P9, P11
AIME 2511 P2, P4,P13,P15

Table 7 | Selection of AIME 24&25 problems for
formalization. Problems with underlined bolded
indices have been solved by DeepSeek-Prover-
V2. Problems solved by DeepSeek-V3-0324 using
Maj@16 are highlighted with a gray background.

AIME 24&25. To ensure cleaner formaliza-

tions, we filter out geometry, combinatorics, and counting problems whose representations in
Lean are potentially cumbersome. This results in 15 selected problems, covering competition-
level topics in elementary number theory and algebra. We evaluate DeepSeek-V3-0324 on the
selected set of problems using the standard find-answer task for natural-language mathematical
reasoning. With majority voting over 16 sampled responses, the model successfully solves 8 out
of 15 problems. In comparison, DeepSeek-Prover-V2-671B, operating under the formal proof
generation setting with given correct answers, is able to construct valid formal proofs for 6 of 15
problems. This comparison highlights that the performance gap between informal mathematical
reasoning and formal theorem proving is substantially narrowing, indicating growing alignment
between linguistic understanding and formal logical rigor in advanced language models.

Textbook Formalization. In addition to AIME
24&25, we augment our benchmark with prob-
lems carefully selected from textbooks used in
high school competitions and undergraduate-
level courses to strengthen coverage in specific
mathematical domains. This curation process en-
sures comprehensive representation across dif-
ficulty levels and topic areas. As a result, we
formalize 310 problems that encompass a broad
spectrum, ranging from elementary mathematics
at the competition level to advanced topics typi-
cally encountered in undergraduate studies. This
comprehensive benchmark covers number the-
ory, elementary algebra, linear algebra, abstract
algebra, calculus, real analysis, complex analysis,
functional analysis, and probability. The deliber-
ate inclusion of this diverse array of mathematical
fields allows for a thorough assessment of model
capabilities across varying levels of abstraction

Area Count
AIME 24&25 15
Number Theory 40

Elementary Algebra 30

Linear Algebra 50
Abstract Algebra 40
Calculus 90
Real Analysis 30
Complex Analysis 10
Functional Analysis 10
Probability 10
Total 325

Table 8 | Distribution of mathematical areas
represented in ProverBench.

and reasoning styles. Number theory and algebra problems test a model’s facility with discrete
structures and equations, while analysis-oriented problems evaluate understanding of limits,
continuity, and calculus. The abstract algebra and functional analysis components challenge
models to reason about abstract structures and spaces, requiring sophisticated formal reasoning
capabilities. The evaluation results are presented in Table[f} As shown, DeepSeek-Prover-V2-
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AIME IEXfk. American In-

o . L Contest Problems
vitational Mathematics Examination (AIME)

RTUEEEE I, BERSOIRYRE AIME241 [, B, P13

P SRR IS m A, AIME 24 AIME 2411 P4 ,P7, P13, P14
8,25 (L B M5 KR 25 B AMEZST L B 0o, P11
RENIIFRIEANE. S THFATER S IEER Uy |— g

BOE R M AR A 2500, FRATISE R
HIEAT AIME 24825 HITEEMEH.  %£7| AIME 248 2581 B IE AL, 96 FXIZ%
AT B RS TR I R —— HITKELZ25 | 6917159 £ 1 DeepSeek-Prover-V 2f&ik, i

FM aj @16H1 DeepSeek-V 3-0324f# L1 7] @i F 7% 4

EI=N=R —
ﬁ)ﬁ%t’jﬁmo

FEIXE TR, ARk LA, HERHEIRE, X R Lean RN ] RERON S,
BRAIEH T 15 DR, R TR ROC IR RISE SRR L, BATIERARIER B 2R 5 1
TP TS5, (EIREMFE EIFAS T DeepSeek-V3-0324, JEIIAT 16 N RAEM N HEAT 224X
R, BRI T H A 8 N, MHEEZ S, ESE EMERAERIEE R E N
TH) DeepSeek-Prover-V2-671B REE N 15 MAIHRT 6 MR ERAVERIEH, X—XHRE
TARERBEAER S [ EACE BRI < AR VEREZ PR IE B8 40/, REIEEHANESBAIH, &
= Hf 5 RO R AT R H 2 s,

BHRBHE R, BRTAIME 24825290, Al lidi@

XA OB 2 v 55 R AR T e T O OB Area Count
BB H, $aE T BTN, PAnsETE AIME 24&25 15
FEEBCETIRN B S, X — IR R T 1M Number Theory 40
JE SR AR B AU 2 TR, Rk, FRATTE Flementary Algebra 30
AL T3I0MNEH, 55 T M FR KRR Linear Algebra 50

SARI B LB I, X Abstract Algebra 10
T AR A, WU, SRR

Calculus 90

N Ak R 2, ISEPAN / NN YA
?Hﬂ%lgéﬁ(\ iﬁ,\ i:}\ L3 1‘{?\ ’Eﬁfﬁ Z KT Real Analysis 30
ﬂwﬁ%f’% %%@ FX RIS IU, BT Complex Analysis 10
R RBIAEA R R RN, Fanctional Analysis 10
Probability 10
Total 325

78 | ProverBenchH &R E £ IU 2 17

PARAEFR KU, BORMIAEA AR B RS AR T RERZAGRRE L, T 24T 3 e ) e R )
PPAGXIAER EESRMENIGAR o BB, SR A BRI R o A R 20 Dk A AR R i R S5 AL A 2 (R
EFRE ), BORESERIEIEREE ), SR EoRTEREeT, WETR, DeepSeek-Prover
-V2-
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671B with CoT reasoning consistently outperforms all baselines, reinforcing the trends observed
in other benchmark evaluations.

4. Conclusion

In this work, we propose a comprehensive pipeline for synthesizing cold-start reasoning data
to advance formal theorem proving. Our data construction process is grounded in a recursive
theorem-proving framework, wherein DeepSeek-V3 serves as a unified model for both subgoal
decomposition and lemma formalization within the Lean 4 proof assistant. Our approach com-
bines high-level proof sketches with formal steps, creating a sequence of manageable subgoals
that can be efficiently solved using a smaller 7B model, significantly reducing computational re-
quirements. The curriculum learning framework we developed uses these decomposed subgoals
to generate increasingly difficult training tasks, creating a more effective learning progression.
By pairing complete formal proofs with DeepSeek-V3'’s chain-of-thought reasoning, we estab-
lished valuable cold-start reasoning data that bridges informal mathematical thinking with
formal proof structures. The subsequent reinforcement learning stage substantially enhanced
this connection, leading to significant improvements in formal theorem proving capabilities.
The resulting model, DeepSeek-Prover-V2-671B, consistently outperforms all baselines across
a range of benchmarks, spanning both high-school competition problems and undergraduate-
level mathematics. Our future work will focus on scaling this paradigm to an AlphaProof-like
system with the ultimate aim of tackling IMO-level mathematical problems that represent the
frontier of automated theorem proving challenges.
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A. Examples of Non-CoT and CoT Prompting for Proof Generation

A.1. Non-CoT Generation of DeepSeek-Prover-V2

Input:

Complete the following Lean 4 code:

‘¢‘lean4d
import Mathlib
import Aesop

set_option maxHeartbeats O

open BigOperators Real Nat Topology Rat

/-- Prove that cos%—cos%”ﬂ:os%”zf.-/

theorem imo_1963_p5 : Real.cos (Real.pi / 7) - Real.cos (2 * Real.pi / 7) +
Real.cos (3 * Real.pi / 7) =1/ 2 := by

sorry
CC¢

Output:

““lean4
import Mathlib
import Aesop

set_option maxHeartbeats 0

open BigOperators Real Nat Topology Rat
/== Prove that cos 7 — cos 27” +cos 37” = %.—
theorem imo_1963_p5 :Real.cos (Real.pi / 7) —Real.cos (2*Real.pi / 7) + Real.cos (3 *Realpi /7)=1
/ 2:=by
have h; : Real.cos (Real.pi / 7) >0 :=Real.cos_pos_of_mem_Ioo (by linarith [Real.pi_gt_three], by
linarith [Real.pi_gt_three])
have hy : Real.cos (2 *Real.pi / 7) =Real.cos (2 *Real.pi / 7) :=rfl
have h3 :Real.cos (3*Real.pi /7) =Real.cos (3*Real.pi /7):=rfl
have hy : Real.cos (Real.pi / 7) —Real.cos (2*Real.pi / 7) + Real.cos (3*Real.pi /7)=1/2:=Dby
—— Use the identity for the sum of cosines with specific angles to simplify the expression
have hs : Real.cos (2 * Real.pi / 7) =Real.cos (2 * (Real.pi / 7)) := by ring
have hg : Real.cos (3 * Real.pi / 7) =Real.cos (3 * (Real.pi / 7)) := by ring
rw [hs, he]
have hy : Real.cos (2* (Real.pi /7)) =2 *Real.cos (Realpi /7) "2 -1:=by
have hy; : Real.cos (2* (Real.pi / 7)) =2 *Real.cos (Real.pi /7) "2 -1:=by
rw [Real.cos_two_mul]
<>ring_nf
<;>nlinarith [Real.cos_sq_add_sin_sq (Real.pi / 7)]
rw [hy1]
have hg : Real.cos (3* (Real.pi /7)) =4 *Real.cos (Real.pi / 7) » 3 -3 *Real.cos (Real.pi / 7) :=by
have hgj : Real.cos (3* (Real.pi /7)) =4 *Real.cos (Real.pi / 7) 3 -3 *Real.cos (Real.pi / 7) := by
rw [show Real.cos (3 * (Real.pi / 7)) = Real.cos (3 * (Real.pi / 7)) by rfl]
have hg, : Real.cos (3 * (Real.pi / 7)) =4 *Real.cos (Real.pi / 7) 3 -3 *Real.cos (Real.pi / 7) := by
rw [show Real.cos (3 * (Real.pi / 7)) = Real.cos (3 * (Real.pi / 7)) by rfl]
—— Use the triple angle identity for cosine
have hg3 : Real.cos (3 * (Real.pi / 7)) =4 * Real.cos (Real.pi / 7) A 3 -3 *Real.cos (Real.pi / 7) :=by
rw [Real.cos_three_mul]
<;>ring_nf
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A. ECoTHICoTHE < H T UERHAE BRI

A.1. DeepSeek-Prover-V 2/ ECoT4: ik
InputTranslated Text:

Complete the following Lean 4 code:

‘‘‘lean4d
import Mathlib
import Aesop

set_option maxHeartbeats O

open BigOperators Real Nat Topology Rat

/-- Prove that cosZ-cos% +cosZ =1.-/

theorem imo_1963_p5 : Real.cos (Real.pi / 7) - Real.cos (2 * Real.pi / 7) +
Real.cos (3 * Real.pi / 7) =1/ 2 := by

sorry
¢
leand

import Mathlib

OutpHPPrAN&RAA Text:

¢ ‘set_option maxHeartbeats 0 open BigOperators Real Nat Topology Rat /—— IEBASRIZ 57— R 207
+ #R9% 3x7 _ 12 .~/ theorem imo_1963_p5 : Real.cos (Real.pi/7) - Real.cos (2* Real.pi/7) + Real.cos (3*
Real.pi/7)=1/2:=byl:Real.cos (Real.pi/7)>0:=Real.cos_pos_of_mem_Ioo (by linarith [Real.
pi_gt_thrBayo¥ linarith [Real.pi_gt_three])2:Real.cos (2* Real.pi/7)=Real.cos (2* Real.pi/7):
=rf1 have h3 Ipggibcos (3* Real.pi/7) = Real.cos (3* Real.pi/7):= rfl havehq:Real.cos (Real.pi/7
) —Real.cos (2* Real.pi/7) + Real.cos (3* Realpi/7)=1/2:=by
—— Use the identity for the sum of cosines with specific angles to simplify the expression have h5: Real.cos (2* Real.pi
/7) =Real.cos (2* (Real.pi/ 7)) := by ring have h6: Real.cos (3* Real.pi/7) = Real.cos (3* (Real.pi/7))
'= by ring rw [h5, hg] have h7:Real.cos (2* (Real.pi/ 7)) = 2* Real.cos (Real.pi/7) /2 - 1:= by have h71:
Real.cos (2* (Real.pi/ 7)) =2* Real.cos (Real.pi/7) 2 - 1:=by rw[Real.cos_two_mul] <;>ring_nf;
>nlinarith[Real.cos_sq_add_sin_sq (Real.pi/7)] rw[h71] have hg:Real.cos (3* (Re&kl.pi/7))=4*
Real.cos (Real.pi/7) /8- 3* Real.cos (Real.pi/7):=byhave hgl :Real.cos (3* (Real.pi/7))=4* Real.
cos (Real.pi/7) /8- 3* Real.cos (Real.pi/7) :=by rw[showReal.cos (3* (Real.pi/ 7)) =Real.cos (3* (
Real.pi/7)) by rf1] have hg2:Real.cos (3* (Real.pi/7)) = 4* Real.cos (Real.pi/7) /8- 3* Real.
cos (Real.pi/7):=Dby rw[show Real.cos (3* (Real.pi/7)) =Real.cos (3* (Real.pi/7)) by rfl]

—— Use the triple angle identity for cosine83 : Real.cos (3* (Real.pi /7)) =4* Real.cos (Real.pi/7) 8- 3* Real.
Ba¥qHeal.pi/7):= by rw [Real.cos_three_mul] <;> ring_nf
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<;>nlinarith[Real.cos_sq_add_sin_sq (Real.pi / 7), Real.sin_le_one (Real.pi / 7),
Real.cos_le_one (Real.pi / 7)]
rw [hg3]
rw [hgy]
rw [hgy]
rw [h7, hg]
—— Simplify the expression using the derived identities
have hg : Real.cos (Real.pi /7)>0:=hy
have hip:Real.cos (Real.pi / 7) # 0:=by linarith
—— Use the quadratic equation to solve for the sum of cosines
have hiq : Real.cos (Real.pi / 7) =Real.cos (Real.pi / 7) :=rfl
have hy;: 8 *Real.cos (Real.pi /7) A3 -4 *Real.cos (Real.pi /7) "2 -4*Real.cos (Realpi/7)+1=0
=Dby
—— Use the identity to form a polynomial equation and solve it
have hy3:Real.cos (Real.pi /7)>0:=h;
have hy4 : Real.cos (Real.pi / 7) # 0:=by linarith
have hq5:Real.cos (Real.pi / 7) =Real.cos (Real.pi / 7) :=rfl
—— Use the polynomial equation to find the sum of cosines
have hyg : Real.cos (Real.pi / 7) > 0:=Dby linarith
—— Use the identity to form a polynomial equation and solve it
have hyy : Real.sin (Real.pi / 7) > 0:=by
apply Real.sin_pos_of_pos_of_1lt_pi
<;>linarith [Real.pi_gt_three]
have hig: Real.sin (3* (Real.pi /7)) >0:=Dby
apply Real.sin_pos_of_pos_of_1lt_pi
<>
(try ring_nf at * <;>nlinarith [Real.pi_gt_three]) <>
(try ring_nf) <>
(trynlinarith [Real.pi_gt_three])
have hig : Real.sin (3 * (Real.pi /7)) =3 *Real.sin (Real.pi / 7) -4 *Real.sin (Real.pi / 7) A 3 :=by
have hig1 : Real.sin (3 * (Real.pi /7)) =3 *Real.sin (Real.pi / 7) -4 *Real.sin (Real.pi / 7) A 3:=by
rw [Real.sin_three_mul]
<>ring_nf
<>nlinarith [Real.cos_sq_add_sin_sq (Real.pi /7),Real.sin_le_one (Real.pi / 7),
Real.cos_le_one (Real.pi / 7)]
rw [hy91]
have hyg : Real.sin (2 * (Real.pi / 7)) =2 *Real.sin (Real.pi / 7) * Real.cos (Real.pi / 7) := by
have hyg1 : Real.sin (2 * (Real.pi / 7)) =2 * Real.sin (Real.pi / 7) * Real.cos (Real.pi / 7) := by
rw [Real.sin_two_mul]
<>ring_nf
<;>nlinarith [Real.cos_sq_add_sin_sq (Real.pi /7),Real.sin_le_one (Real.pi / 7),
Real.cos_le_one (Real.pi / 7)]
rw [hyo1]
have hy; : Real.sin (3 * (Real.pi / 7)) =Real.sin (Real.pi — 4 * (Real.pi / 7)) :=by
have hyq1:3*(Real.pi /7) =Real.pi -4 * (Real.pi /7):=by ring
Tw [hy11]
have hy; : Real.sin (Real.pi — 4 * (Real.pi / 7)) =Real.sin (4 * (Real.pi / 7)) :=by
rw [Real.sin_pi_sub]
have hy3 : Real.sin (4 * (Real.pi /7)) =2 *Real.sin (2 * (Real.pi / 7)) * Real.cos (2 * (Real.pi / 7)) :== by
have hp31 :Real.sin (4 * (Real.pi / 7)) =2 *Real.sin (2 * (Real.pi / 7)) * Real.cos (2 * (Real.pi / 7)) :=

by

have hp3y :Real.sin (4 * (Real.pi /7)) =Real.sin (2* (2 * (Real.pi / 7))) :=by ring

rw [hp32]

have hy33 :Real.sin (2 * (2* (Real.pi / 7))) =2 *Real.sin (2 * (Real.pi / 7)) * Real.cos (2 * (Real.pi /
7)) =Dy

rw [Real.sin_two_mul]
<;>ring_nf
rw [hp33]
rw [hp31]
have hy, : Real.sin (2 * (Real.pi /7)) > 0:=Dby
apply Real.sin_pos_of_pos_of_lt_pi
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<;>nlinarith[Real.cos_sq_add_sin_sq (Real.pi/7),Real.sin_le_one (Real.pi/7), Real.
cos_le_one (Real.pi/7)] rw [183] rw [h82] rw [h81] rw [h7, hg]
—— Simplify the expression using the derived identities have hg: Real.cos (Real.pi/7)>0:=hihave h1g: Real.
cos (Real.pi/7) # 0:=by linarith —— Use the quadratic equation to solve for the sum of cosines have h11 : Real.
cos (Real.pi/7) =Real.cos (Real.pi/7):=rflhaveh12:8* Real.cos (Real.pi/7) /38— 4* Real.
cos (Real.pi/7)/2—-4* Real.cos (Realpi/7)+1=0:
=by have h13: Real.cos (Real.pi/7)>0:=h1havehis:
—-RUsa the #l¢RE &N tp for ) 410 lywmsipinh equeation badeolr5t Real.cos (Real.pi/ 7) = Real.cos (Real.pi/7) :=rfl
—— Use the polynomial equation to find the sum of cosines have h16: Real.cos (Real.pi/7) > 0:= by linarith
—— Use the identity to form a polynomial equation and solve it have h17: Real.sin (Real.pi/7) > 0:=by
apply Real.sin_pos_of_pos_of_lt_pi <;> linarith [Real.pi_gt_three] have h1g:Real.sin (3* (
Real.pi/7)) > 0:=by apply Real.sin_pos_of_pos_of_1t_pi <(try ring_nf at * <;>nlinarith [Real.
pi_gt_three]) <;> (try ring_nf) <;> [Real.pi_gt_three]) have h19:Real.sin (3* (Real.pi/7))=3*
Real.sin (Real.pi A¥¥¥ n}imaaiishn (Real.pi/7) /8:= by have h191 : Real.sin (3* (Real.pi/7))=3*
Real.sin (Real.pi/7) — 4* Real.sin (Real.pi/7) 8:=by rw[Real.sin_three_mul] <;> ring_nf;
>nlinarith [Real.cos_sq_add_sin_sq (Real.pi/7),Real.sin_le_one (Real.pi/ 7% Real.
cos_le_one (Real.pi/7)] rw[h191] have h20: Real.sin (2* (Real.pi/7)) =2* Real.sin (Real.pi/7)*
Real.cos (Real.pi/7):=byhave h201:Real.sin (2* (Real.pi/7))=2* Real.sin (Real.pi/7)* Real.
cos (Real.pi/7):=byrw[Real.sin_two_mul] <;>ring_nf;>nlinarith [Real.
cos_sq_add_sin_sq (Real.pi/7),Real.sin_1€_one (Real.pi/7),Real.cos_le_one (Real.pi/7)] rw [h20
1] have h21 : Real.sin (3* (Real.pi/7)) =Real.sin (Real.pi — 4* (Real.pi/ 7)) := by have h211:3* (Real.
pi/7)=Real.pi-4* (Real.pi/7):=by ring rw [h211] have h22:Real.sin (Real.pi — 4* (Real.pi/7))
=Real.sin (4* (Real.pi/ 7)) := by rw[Real.sin_pi_sub] have h23:Real.sin (4* (Real.pi/7)) = 2* Real.
sin (2* (Real.pi/ 7)) * Real.cos (2* (Real.pi/7)):= by have h231:Real.sin (4* (Real.pi/7)) =2* Real.
sin (2* (Real.pi/7))* Real.cos (2* (Real.pi/ 7)) := have h232:Real.sin (4* (Real.pi/7)) =Real.sin (2
* (2* (Real.pi/7))) := by ring rw [2232] have h233: Real.sin (2* (2* (Real.pi/7))) =2* Real.sin (2* (
Real.pi/7))* Real.cos (2* (Real.pi/7)) = by [Real.sin_two_mul] <;> ring_nf [h233] rw [h231] have hp4
:Real.sin (2* (Real.pi/7)) > 0:=Dby appM¥ Real.sin_pos_of_posX&f_1t_pi
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<> (try ring_nf at * <;>nlinarith [Real.pi_gt_three]) <;> (try ring_nf) <;> (trynlinarith
[Real.pi_gt_three])

have hy5 : Real.cos (2 * (Real.pi / 7)) >0 :=by
have hy51 : Real.cos (2 * (Real.pi /7)) >0:=Dby

apply Real.cos_pos_of_mem_Ioo
<;> constructor <;> (try ring_nf at * <;>nlinarith [Real.pi_gt_three]) <;> (try ring_nf) <;>

(trynlinarith [Real.pi_gt_three])
linarith

have hyg : Real.sin (3 * (Real.pi /7)) >0:=hyg

have hyy : Real.sin (Real.pi / 7) >0:=h;y

have hyg : Real.sin (2 * (Real.pi / 7)) > 0:=hyy

have hyg : Real.cos (2 * (Real.pi /7)) > 0:=hys

—— Use the polynomial equation to find the sum of cosines

nlinarith [Real.sin_sq_add_cos_sq(Real.pi / 7), Real.sin_sq_add_cos_sq (2 * (Real.pi / 7)),
Real.sin_sq_add_cos_sq (3 * (Real.pi / 7)), Real.sin_le_one (Real.pi / 7),Real.sin_le_one (2 *
(Real.pi /7)),
Real.sin_le_one (3 * (Real.pi / 7)), Real.cos_le_one (Real.pi / 7), Real.cos_le_one (2 * (Real.pi /
),
Real.cos_le_one (3* (Real.pi / 7))]

—— Use the polynomial equation to find the sum of cosines
nlinarith [Real.cos_le_one (Real.pi / 7),Real.cos_le_one (2 * (Real.pi / 7)), Real.cos_le_one (3*
(Real.pi / 7))]
—— Use the polynomial equation to find the sum of cosines
linarith

1

A.2. CoT Generation Strategy of DeepSeek-Prover-V2

Input:

Complete the following Lean 4 code:

‘¢‘lean4d
import Mathlib
import Aesop

set_option maxHeartbeats O
open BigOperators Real Nat Topology Rat

/-— Let p,q,r be integers with 1<p<q<r. Show that if (p—1)(¢—1)(r—1) divides
pqgr—1, then (p,qr)=(2,4,8) or (pqr)=(3,515).-/

theorem imo_1992 pl (pqr : Z) (hg : 1 < pAP<qgAq<TIT
(hy : (p-1) *x @-D*x -1 |p*xqg*xr-1):
(p, 9, r) = (2, 4, 8 v (p, q, r) = (3, 5, 15) := by

sorry
cc¢

Before producing the Lean 4 code to formally prove the given theorem, provide
a detailed proof plan outlining the main proof steps and strategies.

The plan should highlight key ideas, intermediate lemmas, and proof
structures that will guide the construction of the final formal proof.

To enhance clarity, model outputs are reformulated using inline LaTeX expressions.

Output:

r
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=3

<> (try ring_nf at * <;>nlinarith[Real.pi_gt_three]) <;> (try ring_nf) <;> (try nlinarith|[
Real.pi_gt_three])25:Real.cos (2* (Real.pi/7)) > 0:=by have hp51:Real.cos (2* (Real.pi/7))>0:
p¥®R apply Real.cos_pos_of_mem_Ioo;> constructor <;> (try ring_nf at * <;>nlinarith [Real.
pi_g$_three]) <;> (try ring_nf) <;> (trynlinarith [Real.pi_gt_three]) linarith26:Real.sin (3* (
Real.pi/7))>0:=highave h27:Real.sin (Real.pi/7)>0:=hi7have hpg lmeakin (2* (Real.pi/7))>0
:=hpqhave h29:Real.cos (2* (Real.pi/ 7)) > 0:= h25 —— Use the polynomial equation to find the sum of cosines
nlinarith [Real.sin_sq_add_cos_sq(Real.pi/7),Real.sin_sq_add_cos_sq(2* (Real.pi/7)), Real.
sin_sq_add_cos_sq (3* (Real.pi/7)),Real.sin_le_one (Real.pi/7),Real.sin_le_one (2* (Real.pi/7)
),Real.sin_le_one (3* (Real.pi/7)),Real.cos_le_one (Real.pi/7),Real.cos_le_one (2* (Real.pi/ 7)),
Real.cos_le_one (3* (Real.pi/ 7))] —— Use the polynomial equation to find the sum of cosines nlinarith [Real.
cos_le_one (Real.pi/7),Real.cos_le_one (2* (Real.pi/ 7)), Real.cos_le_one (3* (Real.pi/7))]
—— Use the polynomial equation to find the sum of cosines linarith ° °

A.2. DeepSeek-Prover-V2 [/ CoT 4 il SR %
InputTranslated Text:

Complete the following Lean 4 code:

‘¢‘lean4d
import Mathlib
import Aesop

set_option maxHeartbeats O
open BigOperators Real Nat Topology Rat

/-- Let p,q,r be integers with 1<p<gq<r. Show that if (p-1)(q-1)(r-1) divides
pqgr—1, then (p,qr)=(2,4,8) or (p,qr)=(3,515).-/

theorem imo_1992_ pl (pqr : Z) (hy : 1 <p APp<qgqAQqQ<T)
(hy : (p-1) *(@-1) *(r-1)|p*xqg*r-1):
(p, 9, r) = (2, 4, 8 v (p, q, r) = (3, 5, 15) := by

sorry
CC¢

Before producing the Lean 4 code to formally prove the given theorem, provide
a detailed proof plan outlining the main proof steps and strategies.

The plan should highlight key ideas, intermediate lemmas, and proof
structures that will guide the construction of the final formal proof.

N T TR TEIE, AR s SR R PR LaTeX i3,
OutputTrandated Text:

r
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### Detailed Proof and Analysis

We are given integers p,q,r suchthat 1 <p<q<r,and (p—-1)(q—1)(r—1) divides pgr — 1. We need to
prove that (p,q,r) is either (2,4,8) or (3,5, 15).

#### Step 1: Understand the divisibility condition

The condition (p—-1)(¢—1)(r—1) | pgr — 1 can be rewritten as:
pr—-1=k-(p-D(-DH(r-1

for some positive integer k, since p,q,r > 1,s0(p—-1)(q—1)(r—1) > 0,and pgr -1 > 0.

#### Step 2: Derive an upper bound for k

We canwrite:
‘ qr—1 -k

(- 1)(q De-1) ~
‘ We claim that k < 4. To prove this, observe that:

| et = (U 5t) (1 ) (10 )

|Since p > 2,q > 3,r > 4, we have:

1 1 _3 1 _ 4
‘1+pTl<2’ 1+qT1<§, 1+m<§
| so:

_____par 3.4 _
| G DwneD <2334
| Thus:
pqr—1 pqr
|k = 5@ DrD < GenED <4
so k < 3.

But we can do better. The function f(p,q,r) = m’% is decreasing in p,q,r, S0 its maximum in

>2,q>p+1,r>q+1isachievedat (2,3,4), wheref(234)—123—4At(235) it is

124—375<4 etc.

. . . . 1
But the precise calculation is not needed. Sincep > 2,q > 3,r > 4, W 6, while pqr > 24,
\ so:

qr—1

pqr
‘ k= (p— 1)(q DD < G-D(¢-D(-1) <4
and the bound k < 4 follows. Since k is an integer, k € {1,2,3}.

However, we can tighten this further. The condition k > 4 would require (p,q,r) = (2,3,4), but
pgr—1=23and (p-1)(q—1)(r—1) =6, which does not divide. So we must have k < 4.

Alternatively, we cannote that forp > 2,q > 3,r > 4, the product (p-1)(¢—1)(r—1) is at least 6, and
pgqr—1 < pgr,sok < 3.

#### Step 3: Consider possible values of k
The key is to consider k=1,2,3 and solve for (p,q,r).

**Case k = 1.**

pgr=1=(p-D(g-D(r-1)
Expand the right side:

pqr—pq—pr—qr+p+q+r—1=pqr—-1

Simplify to:
-pq—pr—qr+p+q+r=0
or:

pq+pr+qr=p+q+r
Since p,q,r > 2, we have pq+ pr+qr > 4p +4q +4r, which is much larger than p +g+r, sono solutions
exist.

**Case k = 2:**

pgr=1=2(p-1)(¢-D(r-1)

Expand and simplify:
pqr—1=2(pgr—pq—pr—qr+p+q+r—1)
pqr — 1 =2pqr —2pq — 2pr —2qr +2p +2q + 2r — 2
—pqr+2pq+2pr+2qr—-2p—-2q-2r+1=0
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###Detailed Proof and Analysis

We are given integers p,q,r suchthat 1<p <q<r,and (p—-1)(¢—1)(r— 1) divides pgr - 1.
We need to prove that (p, q,r) is either (2,4, 8) or (3,5, 15).

##Ht Step 1. Understand the divisibility condition

The condition (p—-1)(¢q—1)(r—1) | pgr — 1 canbe rewritten as:
pgr-1=k-(p-D(g-D(r-1)

for some positive integer k, since p,q,r>1,s0 (p—1)(¢q—1)(r-1) >0,and pgr— 1> 0.

###H# Step 2: Derive an upper bound for k
We canwrite:

‘ gl_qr_liég—l q- 1)(-

‘ We claim that k < 4. To prove this, observe that:

W - (1+1p_1) (l+lq—l) (1_+

Sincep>2,q>3,r>4,wehave: 1

+
‘1p T<2,1,1¢-1_32,1, 1,1 _43s0:
1)(q—1)(r— ) < 2.32,43 4Thus oar
—‘7(,,_ ‘7;‘": qrfl<p71><qfl>(r71> R
‘1)(q 1)r-1 ) S
sok < 3.

But we can do better. The function f(p, q, r) = p_4pqr1-}éq-l)(r—1) is decreasinginp, ¢, r,
soitsmaximuminp >2, ¢>p+1, r>q+1lisachievedat (2, -3-4), where f(2, 3, 4) _24123=
4, At (2, 3, 5), itis30124=375<4, etc,

But the precise calculation is not needed. Sincep > p2 q>= > 45— p—Hab(r-1-
‘whlle pqr = 24, so: k = par-1(p-1) (-1 (+=-1) < = I)(q—I)(r 1) < 4 and the bound)k <4followso

‘Slnee—le].—s—an—].—nteger, ke{l, 2, 3}

However, we can tighten this further, The condition k > 4would require (p, q, r) = (2. 3
4), butpgr—1=23and (p-1)(¢g—1)(r— 1) =6, whichdoesnot divide, So we must have k <
4

o

Alternatively, we cannote that forp > 2,q > 3,r > 4, the product (p—-1)(¢g—1)(r— 1) is at least 6, and
pqr—1< pgr,sok < 3.

###H# Step 3: Consider possible values of k
The key is to consider k=1, 2, 3and solve for (p, g, r)o

**Case k = 1**
pgr-1=(p-D(g-D(r-1)

Expand the right sideTrandlated Text:
pqr—pq—pr—qr+p+q+r—1l=pgr—-1
Simplify to:
-pq—pr—qr+p+q+r=0
or.pq+pr+qr=p+q+r

Since p,q,r > 2, we have pq+pr+qr > 4p + 4q + 4r, which is much larger than p+q+r, sono solutions
exist.

**Case k = 2:**

pgr—-1=2(p-1)(q-1(r-121)

Expand and simplifyTrandated Text:
pqr—1=2(pqr —pq-pr—qr+p+q+r—1)
pqr—1=2pqr—2pq—2pr—2qr+2p+2q+2r -2
—pqr+2pq+ 2pr+2qr—2p—2q—-2r+1=0
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Multiply by -1:
pqr —2pq —2pr —2qr+2p+2q+2r—1=0

Factor:

(p—2)(q—-2)(r—2) = pqr —2pq —2pr —2qr +4p +4q +4r -8
But:

pqr —2pq—2pr—2qr+2p+2q+2r-1=0

Thus:

(p-2)(q-2)(r-2) = (pqr —2pq —2pr —2qr +2p+2q+2r—1) - (-2p—2q —2r+7)
Wait,no. It is easier towrite:

(p—2)(q—2)(r—=2) = pgr —2pq —2pr —2qr +4p +4q +4r -8

Then:

pqr —2pq —2pr—2qr+2p+2q+2r-1=0

Subtract:
(p=2)(q=2)(r-2)—(pqr —2pq —2pr —2qr+2p+2q+2r—1) =2p+2q+2r—-7
But from above:

(p-2)(q-2)(r-2)=2p+2q+2r-7
Sincep>2,theleftis>0,s02p+2q+2r—-7> 0.

But now, set p =2. Then the original equation is:
2qr—=1=2(1)(q—1)(r=1)=2(qr—q—-r+1)

Simplify:

2qr—1=2qr—-2q—2r+2

-1=-2q-2r+2

2q+2r=3

But g > 3 (since p=2,q > p), s02q+2r > 6, contradiction. Hence no solutionwith p = 2.

Similarly, set p=3:

3gr-1=2(2)(¢-D(r-1)

3qr—-1=4(qgr—q-r+1)

3qr—1=4qr-4q—-4r+4

—qr+4q+4r-5=0

qr—4q-4r+5=0

Add 11:

qgr—4q-4r+16=11

Factor:

(g-4)(r-4) =11

Sinceq>p=3,q>4,andr > g possible factorings are:
-q-4=1,r-4=11:q=5,r=15

-q—4=11,r-4=1:But thenq=15,r =5, but r > ¢, invalid.
Thus, the only solution is (p,q,r) = (3,5,15).

Next, set p =4. The original equation is:
4qr—-1=23)(q-1)(r—-1)=6(qr—qg—r+1)
4qr—1=6qr—-6q—6r+6

—2qr+6q+6r-7=0

Multiply by 2:

—4qr+12q+12r-14=0

Factor:

(2g-3)(2r-3) =23

Sinceq>5,r>6,(2q-3)(2r-3) > 7-9=63 > 23, no solutions.

For p > 4, the term (p —2)(q —2)(r —2) dominates 2p+2q +2r — 7, sono solutions will exist. Formally,
sinceq> p+1>5,r>q+1> 6,we have:

(P=-2)(g-2)(r-2)> (4-2)(5-2)(6-2) =24

while 2p+2q+2r-7<2(r-2)+2(r—-1)+2r—-7=6r—-13,but no, let’s instead note that:

(P-2)(q-2)(r=2)> (p-2)((p+D-2)((p+2)-2) = (p-2)(p-D(p)

and2p+2q+2r-7<6r.Butp>4,(p-2)(p—-1)(p) > 24,r > p+2 > 6,but this is not directly leading to
a contradiction.

Alternatively, just notethatq>p+1,r > p+2, so:
(P-2@-2(r-2)> (p-2(p-D(p) > (4-2)(4-1)(4) =24
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Multiply by —1: pqr — 2pq — 2pr — 2qr +
2p+2q+2r-1=0Factor:

(p-2(q-2)(r—2)=pqr—2pq—2pr—2qr+4p+4q+4r-8
But:pqr—2pq—2pr—2qr+2p+2q+2r—1=0Thus: (p-2)(q—-2)(r-2
)=(pqr—2pq—2pr—2qr+2p+2q+2r—1)—(-2p— 29— 2r+ 7) Wait, no,
It is easier towrite:

(pP=2)(q-2)(r—2) = pqr — 2pq — 2pr — 2qr + 4p + 4q + 4r — 8

Then: pqr — 2pq — 2pr — 2qr + 2p + 2q+ 2r — 1 =0 Subtract: (p— 2)(q— 2)(r —
2)—(pqr—2pq—2pr—2qr+2p+2q+2r-1)=2p+2g+2r-7

But from above: (p—-2)(q—2)(r—2) =2p+ 29+ 2r—7

Sincep> 2, theleftis>0, so2p+2q+2r-7>0,

But now, set p =2. Then the original equation is:

2qr-1=2()(q-1)(r-1)=2(qr —q—r+1)Simplify: 2qr-1=2qr-2q—-2r+2-1=-29-2
r+22q+2r=3Butq>3(sincep=2,q>p), so2q+2r >6, contradiction,

Hence no solutionwithp=2, Similarly, setp=3: 3¢r-1=2(2)(q-1)(r-1)3qgr-1=
Aqgr—q-r+1)3qr—1=4qr—-4q—4r+4—qr+4q+4-5=0qr—4q—-4r+5=0Add 11: qgr—-4
q—4r+16=11Factor: (¢q—4)(r—4)=11Sinceq>p=3, g>4, andr >gq,

possible factoringsare: -q-4=1 r-4=11: qg=5 r=15-¢q-4=11, r-4=1:
But theng=15, r=5 butr>gq, invalid, Thus, the only solutionis (p, q,
r)=(3, 5 15), Next, setp=4, Theoriginal equationis: 4qr—-1=23)(¢q— D (r—-
1) =6(qr—q—-r+1)4qr—1=6qr — 6q — 6r+ 6 — 2qr + 6g+ 6r — 7=0Multiply by 2: - 4gr+12
q+12r - 14=0Factor: (29q-3)(2r-3)=23Sinceq>5, r>6, (2q-3)(2r-3)>7-9=6
3>23, nosolutions,

For p > 4, the term (p-2)(¢— 2)(r — 2) dominates 2p+ 29+ 2r — 7, sono solutions will exist, Formally]

sinceq>p+125, r>q+1>6, wehave: (p-2)(¢q—-2(r-2)>(4-2)(5-2)(6-2)=24
while 2p+2q+2r—7<2(r—2)+2(r— 1)+ 2r—7=6r— 13, but no, let’ s insteadnote that
t(p-2(@q-29r-2 2 (p-D((p+D-((p+2)-2)=(p-2)(p-D(p)and p+ 29+ 2r - 7 < 6r

o Butp>4, (p-2)(p-1)(p)>24, r>p+2>6, but this isnot directly leading to

a contradiction. Alternatively,
justnotethatqg>p+1,r>p+2 so:

(P-2(q-29r-2)>2(p-2(p-D(p) > 4-2(4-1)(4 =24
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and2p+2q+2r-7<2p+2(p+1)+2(p+2)-7=6p—-1.But 6p—-1< (p—-2)(p—-1)(p) for p> 4, sincep=4
gives 23 <24, p=5gives 29 <60, etc. Thus no solutions exist for p > 4.

But we have already found (3,5,15), and need to consider other k.
Wait, we found that k =2 yields only (3,5,15). Now, consider k = 3.

**Case k = 3:**

The equation is:
pgr—-1=3(p-1(g-1)(r-1)

Expand:
pqr—1=3(pgr—pq—-pr—qr+p+q+r-1)

pqr —1=3pqr —3pq—3pr—3qr+3p+3q+3r-3
—2pqr+3pq+3pr+3qr—-3p—3q—-3r+2=0
Multiply by -1:

2pqr —3pq—3pr—3qr+3p+3q+3r-2=0

As before, 1look for small p.

Set p=2:

4qr—6q—6r+6+3q+3r—-2=0

Simplify:

4qr-3q-3r+4=0

Factor:

(49-3)(r)—3q+4=0

Not obvious, but solve:

4qr—3q—-3r+4=0

4qr—-3q-3r=-4

Not possible sinceq> 3,r > 4,s04qr—3q—-3r>4-3-4-3-3-3-4=48-9-12=27 > —4.

Wait, no, contradiction. Hence no solution with p =2.

Wait, but we need to revisit the case when p =2. The correct equation is:
2qr—1=3(1)(q-1)(r-1)=3(gr—q-r+1)

Thus:

2qr—1=3qr-3q—-3r+3

—qr+3q+3r-4=0

Multiply by -1:

qr—3q-3r+4=0

Add 5:

qr—3q-3r+9=5

Factor:

(@-3)(r-3)=5

Sinceq> 3,r > 4, possible pairs are:
-q-3=1,r-3=5:q=4,r=8
-q-3=5r-3=1:q=8,r=4,invalidasr > q.
Thus, the only solution is (2,4, 8).

Setp=3:
3qr-1=3(2)(¢-D(r-1)
3gr—1=6(qgr—q-r+1)
3qr—1=6qr—6q—6r+6
=3qr+6q+6r-7=0
3qr—6q—6r+7=0
Multiply by 4:
12qr —24q —24r+28 =0
Add 1:
12qr —24q—24r+49 =1
Factor:
(Bq—6)(4r —8) = —47
Butgq>4,r>5,s0(8q—-6) > 6, (4r—8) > 12, so left side is > 72, which cannot be —47. Thus no solution
here.
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and p+2q+2r-7<2p+2(p+1)+2(p+2)-7=6p-1.Butbp-1<(p-2)(p—-1)(p) forp > 4,sincep=4

gives 23<24,p =5gives 29 <60, etc. Thus no solutions exist for p > 4.
But we have already found (3. 5. 15). and need to consider other k.
Wait, we found that k =2 yields only (3,5, 15), Now, consider k=3,

**Case k =3: ** The equationis: pgr—-1=3(p-1(q-D(r—-1): pgr—1=3
(pqr—pq—pr—qr+p+q+r—1) pqr — 1EXBaHA- 3pq — 3pr — 3qr+ 3p+ 3¢+ 3r — 3 —2pqr + 3pg+ 3
pr+3qr—3p—-3q—-3r+2=0Multiply by —-1: 2pqr—3pq—3pr—3qr+3p+3q+3r-2=0

As before, look for small p, Setp=2: 4qr—6q—6r+6+3q+3r—2=0S8implify: 4
qgr—3q—3r+4=0Factor: (4q-3)(r)— 3q+4=0Not obvious, but solve: 4gr—3q—-3r+
4=04qr - 3q— 3r=-4Not possiblesinceq>3, r>4, sodqr—-3q—-3r>4-3-4-3-3-
3:-4=48-9-12=27> -4, Wait, no, contradiction, Hence no solutionwithp=2

o

Wait, but we need to revisit the case when p = 2. The correct equation is:
2qr-1=3(D)(q-1)(r-1)=3(gr—q-r+1)

Thus: 2qr—-1=3qr—3q—3r+3—qr+3q+

3r—4=0Multiply by -1:qr—3q—-3r+4
=0Add5:qr-3q—-3r+9=5Factor:(q—-

3)(r—3)=5Sinceq>3,r >4,

possible pairsare:-q¢-3=1,r-3=5:

q=4,r=8

-q—-3=5r-3=1¢=8,r=4,invalidasr > q.

Thus, the only solution is (2,4,8).Set p=3:3¢r—-1=32)(¢q- D(r—-1)3qr—1=6(qr —q—r+
1)3gr—1=6qr—6q—6r+6—-3qr+6q+6r—7=03qr— 6g— 6r+7=0Multiply by 4: 12qr — 24q —
24r + 28=0Add 1: 12qr — 24q — 24r + 49 = 1Factor: (3g—6)(4r— 8) = -47But q > 4,r > 5, so (3q -
6) > 6,(4r—8) > 12, so left side is > 72, which cannot be —47. Thus

here.
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Set p=4:

4qr-1=303)(¢-D(r-1

4qr—-1=9qr -9q-9r+9

—5qr+9q+9r-10=0

Multiply by 5:

—25¢qr +45q +45r -50 =0

Factor:

5q-9)(5r-9) =31

Sinceq>5,r>6,(5¢—9) > 16, (5r —9) > 21, so left side is > 16 - 21 = 336 > 31. Thus no solution here.

Similarly, for larger p > 4, no solutions exist, because the term pgr dominates.

#### Step 4: Conclusion
The only triples (p,q,r) satisfying all conditions are (2,4, 8) and (3,5, 15).

### Step-by—-Step Abstract Plan

1. **Understand the Divison Condition**:
—Rewrite thedivisibility conditionas pgr—-1=k-(p-1)(q-1)(r—1).
—Note that kis apositive integer since all terms are positive.

2. **Derive an Upper Bound for k**:
—Use inequalities to showthat k <4,i.e, k< 3.
— Alternatively, note that for p,q,r in the given range, k < 3 is natural, as larger k would make
the right side too large.

3. **Case k = 1**
—Derive the equation pg+pr+qr=p+q+r.
—This hasno solutions since p,q,r > 2, making the left side much larger than the right.

4. **Case k = 2**
—Derive the equation pqr —2pq —2pr—2qr+2p+2q+2r—-1=0.
—For p=2,nosolution.
—For p=3,solve toget (p,q,r) =(3,5,15).
—For p > 4, no solutions exist.

5. *Case k = 3*%:
—Derive the equation 2pqr —3pq —3pr —3qr+3p+3q+3r-2=0.
—For p=2,solve toget (p,q,r) =(2,4,8).
—For p > 3,no solutions exist.

6. *Conclusion**:
— The only valid triples are (2,4,8) and (3,5,15).

### Lean 4 Proof with ‘have’ Statements

““lean4
theoremimo_1992 pl (pqr:Z)(hy:1<pApP<qAQ<TI)
Qi:p-D*@-D*@x-1Ip*q*r-1):
(P4 1)=(248 V(P qr)=0G515:=by
have hy :p > 2:=by sorry
have h3:q > 3:=by sorry
have hy:r > 4:=by sorry
havehs:(p,q,1)=(2,4,8) V(p,q )= (3,5, 15) := by sorry
sorry

i

### Complete Lean 4 Proof

““leand
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haveh

Set p = 4 Trandated Text: 4:

4qr—-1=3(3)(q-1)(r—1)4qr—1=99r— 99— 9+ 9 -5qr + 9+ 9r — 10=0Multiply by 5: —-25qr + 459 + 45r — 5
O0=0Factor: (5¢—9)(5-—9) =31Sinceqg>5r>6,(5¢—9) > 16, (5-—9) > 21, so left side is > 16-21=3
36 > 31. Thus no solution here.

Similarly, for larger p > 4,no solutions exist, because the term pgr dominates.

#i## Step 4: Conclusion
The only triples (p, q,r) satisfying all conditions are (2, 4, 8) and (3, 5, 15).

#i# Step—-by—-Step Abstract Plan

1. **Understand the Divison Condition**:
—Rewrite thedivisibility conditionas pgr—-1=k-(p—-1)(q—1)(r—-1).
—Note that kis apositive integer since all terms are positive.

2.**Derive an Upper Bound for k**: —Use inequalities to showthat k <4, ie, , k<3
— Alternatively, note that for p, q, r in the given range, k < 3isnatural,
as larger k would make the right side too large,

3.**Case k = 1**:
—Derive the equation pg+pr+qr=p+q+r.
—This has no solutions since p, ¢, r > 2, making the left side much larger than the right.

4. **Case k = 2**:
—Derive the equation pqr—2pq— 2pr— 2qr+2p+2q+2r—-1=0.
—For p=2,no solution.
—Forp=3, solvetoget(p, q, r)=(3, 5 15)
—For p > 4,no solutions exist,

5 **Case k = 3**:
—Derive the equation 2pgr — 3pq — 3pr — 3qr+3p+3q+3r—-2=0.
—For p=2,solvetoget (p,q,r)=(2,4,8.-Forp>3,
no solutions exist.

6.**Conclusion**: — The only valid triples are (
2, 4, 8) and (3. 5. 15),

### Lean 4 Proof with ‘have ‘Statements

[

‘lean4d

theorem imo_1992_p1 (pqr: Z)(ho: 1
<pAp<gag<r)1: (p-1* (@-1 * (r-1 |p*
q*r-1 : (p, q, v) =2 4 8V(, q, r)=3. 5 1
5): =byhaveh2: p>2: =bysorry3: q>3:

=by sorry4havehs . =bysorry5: (p, q, r) =(2. 4
. 8 v(paeghr)= (3. 5. 15): =bysorrysorry ° ° ‘##

#Complete Lean 4Proof ‘ ‘ ‘lean4d
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theoremimo_1992 pl (pqr:Z)(hy:1<pApP<qQAQ<T)
Qi:ep-D*@-D*@Ex-1lp*q*r-1):
(P q1)=(248V(pqr)=(37515):=Dby
havehy:p>2:=by
linarith [hy.1]

havehz:q> 3:=by
by_contrah
havehy:q<2:=bylinarith
have hs:q > 2:=by linarith [hy.2.1]
have hg:q=2:=by linarith
have hy:p <2:=by linarith [hy.2.1]
have hg:p > 2:=by linarith [hy.1]
linarith

havehy:r>4:=by
by_contrah
have h5:r < 3:=by linarith
have hg : r > 3:=Dby linarith [hy.2.2]
havehy:r=3:=by linarith
have hg:q<3:=by linarith [h).2.2]
have hg:q > 3 :=by linarith [h3]
linarith

havehs:(p,q1)=(2,4,8) vV (p,q r)=(3, 5 15) :=by
havehg:(p—-1:Z)>0:=by

linarith
havehy:(q-1:Z)>0:=by
linarith
havehg:(r—-1:Z)>0:=by
linarith

havehg:(p-1:Z)*(q-1:Z)*(r-1:Z)>0:=by positivity
havehig:3(k:Z),(p*q*r-1:Z)=k*(p-1:2Z)*(q-1:Z)*(r-1:Z)) :=by
obtain (k, hk) :=h;
refine’ (k, _)
linarith
obtain (k, hk) :=hjg
havehyq:k>0:=by
by_contrahiq
have hyp : k< 0:=by linarith
havehiz3:(p*q*r-1:Z)<0:=by
nlinarith [mul_nonneg (sub_nonneg.mpr hj) (sub_nonneg.mpr hj),
mul_nonneg (sub_nonneg.mpr hj) (sub_nonneg.mpr hy),
mul_nonneg (sub_nonneg.mpr h3) (sub_nonneg.mpr hy)]
havehys:(p*q*r:Z)< 1:=bylinarith
have hjs5:(p:Z)> 2:=by linarith
have hjs:(q:Z) > 3:=by linarith
have hyy:(r:Z) >4 :=by linarith
havehig: (p*q*r:Z)>2*3*4:=by
havehjg:(p:Z)*q>2*3:=bynlinarith
nlinarith
linarith
have hyp: k< 3:=by
by_contrahj,
havehi3:k > 4:=by linarith
havehiy:(p-1:Z)>1:=by

linarith
havehi5:(q-1:2Z)>2:=by
linarith
havehig:(r-1:2Z)>3:=by
linarith
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theorem imo_1992_pl (pqr:Z) (h0:1<pAap<garg<r)Bl:(p-1)*(q-1)*(
r-1)|p*q*r-1):(p,q1)=(2,48 V(p,qr)=(3515 :=byhaveh:p> 2:
=by [h0.1]have h3: q > 3:=by4:q< 2:=by linarith5:q> 2:= by linarith [hO
linarith | 2.1]have héygemtrppiiealtith7 i p <2:=by linarith [h0.2.1] havehg:p> 2
= byleiieal PAYEHD 1] 1inarith4:r > 4:=by5:r < 3:=by linarith6:r > 3:
=by linarith [h0.2.2] haveyhzoptra Bagehinarith8: q < 3:= by linarith [hO.
2.2 have hg: q > 3 :=HANENPRS Bh (3] 1inarith5: (p,q, 1) =(2.4.8) V (p,q, T) = (
3,515 :=byhavehg: (p-1:Z)>0:=by7:(q-1:Z)>0:=by8:(r-1:Z)>0:
=by9: (p - 1: Zjngqgith: 7)* (r - 1LPEDPL by positivity have h10: 3 (k : Z)
irith ,(p*q*r— 18RIk« (p-1:7) DR R: 7)* (r - 1: Z)) := by obtain (k, hk):
h =hlrefine’ (k, _),hk):=hiohavehii:k>0:=byl1havehi2:x<0:
=by 11a82TEEN3: (p* q* r — 1: Py<cOnEBFImul_nonneg (sub_nonnegMpPr h2
haveh ) (suﬁ’%@@mprm) mul_nonneg (sub_nonneg.tPT h?2) (sub_nonneg.mpr h4),
mul_nonneg (sub_nonnegMPr h3) (sub_nonnegMpr h4)havehi4: (p* q* r: Z)
< 1:=bylinarithhavehi5: (p:Z)> 2:=by linarithl6:(q: Z)> 3
=by linarithl7: (e B 4:=by linarithl8: (p* q*r:Z)>2* 3* 4:=byl9: (
7eh p:7Z)* ¢8I :=bynlinarithnlinakefel?: k < 3:=byl2havehi3: k> 4:
=by linarithl4: (p - 1:Z) > 1 HBgrdtigcont@b 2:=by16:(r-1:2)> 3
have h =by linarith hefvgalith
rith haveh haveh
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havehy7:(p-1:2Z)*(q-1:2Z)>2:=by
nlinarith
havehig: (p-1:2)*(q-1:2Z)*(r-1:2Z)> 6:=by
nlinarith
havehig: (k:Z)*(p-1:2Z)*(q-1:Z)*(r-1:Z)>4*((p-1:2)*(q-1:Z)*(r - 1:Z)) :=by
nlinarith
havehyg:(p*q*r-1:Z)>4*((p-1:2)*(q-1:2Z)*(xr - 1:2Z)):=by
linarith
havehy: (p*q*r-1:2Z)<4*((p-1:2)*(q-1:2Z)*(xr - 1:Z)) :=by
havehyy: (p:Z)*q*r<4*(p-1:Z2)*(q-1:Z)*(x-1:2Z)) +1:=by
nlinarith [mul_nonneg (sub_nonneg.mpr hj) (sub_nonneg.mpr hj),
mul_nonneg (sub_nonneg.mpr hy) (sub_nonneg.mpr hy),
mul_nonneg (sub_nonneg.mpr h3) (sub_nonneg.mpr hy)]
linarith
linarith
havehi3:k=1vk=2vk=3:=by
omega
—— We need to handle each case of k separately
rcases hyz with (rfl | rfl | rfl)
-——Case k=1
havehys:p*q*r-1=(p-1)*(q-1)*(r-1):=by
ring_nf at hk+
<;>linarith
havehis:p*q+p*r+q*r=p+q+r:=by
havehis1:p*q*r-1=(p-1)*(q-1)*(r—-1):=by linarith
ring_nf at hysq
nlinarith
havehig:p=2:=by
by_contrahgg
havehj7:p>3:=by
by_contrah;y
have hig:p<2:=bylinarith
have hig:p=2:=by linarith
contradiction
have hyp:q>3:=by linarith
have hyq:r >4 :=by linarith
havehyr: (p:Z)*q>3*3:=by
nlinarith
havehy3:(p:Z)*r>3*4:=by
nlinarith
havehys:(q:Z)*r>3*4:=by
nlinarith
nlinarith
havehyy:q=3:=by
by_contrah;y
havehjg:q>4:=by
by_contrah;g
have hj9:q< 3:=bylinarith
have hyg:q=3:=by linarith
contradiction
have hyq : p=2:=by linarith
havehyr: (p:Z)*q>2%4:=by
nlinarith
havehy3:(p:Z)*r>2*4:=by
nlinarith
havehys:(q:Z)*r>4*4:=by
nlinarith
nlinarith
havehjg:r=4:=by
by_contrah;g
havehig:r>5:=by
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omegal
—— Wen

contradicti
havedl inarit
haveby_c
contr

ith haveh

have h17.(p _1:7)*(q-1:Z)>2:=bynlinarithi8: (p-1:2Z)*(
q-1:Z)*(r-1:Z)>6:=bynlinarith®yek :Z)* (p-1:2Z)* (q -
1:Z)* (x-1:Z)) > 4* ((p - hawyiy

nlinarith

have hog . (p* q*r-1:Z)>4*(p-1:2)*(q-1:2)* (r -1:2)):
=bylinarith2l:(p*q*r-1:Z)<4*(p-1:Z)*(q-1:2Z)* (r-1
: Z)haveyhhave h2o: (p: Z)* q* r<4* (p-1:2)*(q-1:2)* (r - 1:

Z)+1:=b
nlinarith [mul_nonneg (sub_nonnegMPpPT h2) (sub_nonneg.mpr h3),

mul_nonneg (sub_nonneg.lPT h2) (sub_nonneg.mpr h4),

mul_nonneg (sub_nonneg.MPT h3) (sub_nonnegMPTr h4)] 1inarithl3:

kK=1V k =2vk=3:=by rcases hjgwith (rfl | riihafikiy : p*

q* =p-D*@Q-D*(xr- ng]flné_nf at hk P8VEilarithl5:
eedjo ’%f’id{?f&f’ﬂqsf &k genogpicly ht?" eh151:p* g haveh (p - 1) * (

q-1)*(r-1):=bylinarith ring_nf at h151+16:p = 2:=byl6

have h]7:p > 3:=byl7 have hTélﬁaJ 3D phyl ieentnho  p = 2:

=hyf; ToR&FRLh20: g > 3haB§ﬂ1naI‘1th21 r>4:=by linarith22:(p:
onz)* q > Bav®k by23: (p:Z)* r haveth=by24:(q: Z)* r > 3* 4:=byl7
h :q=3:=bylntawmbighqg > 4 = by18 halédgnithe 3:= by linarith20
onteph3 = by Phigftieontrph 2 = by 1 RAEBATHSR: (p: Z)* q> 2% 4:

adickjes: (p: Z) havedr 4:=by2a: (q BYP P> 4% 4:=byl8:r=4:=by1
rghareebth:r > 5:= by nlinarith by_contrah
haveh nlinarith
haveh
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by_contrahjg
have hyg:r<4:=bylinarith
have hy; :r=4:=by linarith
contradiction
have hyp : p=2:=by linarith
have hp3:q9=3:=by linarith
havehys:(p:Z)*q>2*3:=by
nlinarith
havehy5:(p:Z)*r>2*5:=by
nlinarith
havehyg:(q:Z)*r>3*5:=by
nlinarith
nlinarith
exfalso
norm_num [hi¢, hy7, hig] at hyjg hys hkhy+ <;> linarith
-——Casek=2
havehys:p*q*r-1=2*((p-1)*(q-1)*(-1):=by
ring_nf at hk+
<;>linarith
haveh5:p=3:=by
by_contrah;s
have hj4 : p # 3 := by tauto
—— We need to show that p cannot be greater than 3
havehyy:p>4:=by
by_contrah;y
have hig:p<3:=bylinarith
havehjg:p=2:=by
by_contrahjg
have hyp : p > 3 := by omega
have hy; : p=3:=by omega
contradiction
have hpy : p=2:=by omega
have hy3:q > 3:=by linarith
have hyy:r >4 :=by linarith

have hy5:(p:Z)*q>2*3:=bynlinarith
havehyg:(p:Z)*r>2*4:=bynlinarith

have hy7:(q:Z)*r>3*4:=bynlinarith
havehpg:(p:Z)*q*r>2*3*4:=bynlinarith
havehyg:(p:Z)*q*r-1=2*((p-1)*(q-1)*(r - 1)) :=by linarith
have hzg: (p:Z)=2:=by omega

have h3q:(q:Z) > 3 :=by omega

have hsp : (r:Z) > 4 := Dby omega
havehz3:(p:Z)*q*r-1=2*((p-1)*(q-1)*(r - 1)) :=by linarith
have h3s: (p:Z)=2:=by omega

have h35:(q:Z) > 3 :=Dby omega

have hzg: (r:Z) > 4 := by omega

havehzy:(p:Z)*q*r-1=2*((p-1)*(q-1)*(r - 1)) :=by linarith
have h3g :False := by
have hzg: (p:Z) =2 :=by omega
have hyg:(q:Z) > 3 := by omega
havehyy : (r:Z) > 4 :=Dby omega
havehyy: (p:Z)*q*r-1=2*((p-1)*(q—-1)*(r—1)) :==by linarith
havehy3:2*q*r-1=2*(1*(q-1)*(r -1)):=by
simp [hyg] at hyy +
<>ring_nf at hyp + <;> linarith
havehys:2*q*r-1=2*((q-1)*(r-1)) :=by
ring_nf at hy3 + <;> linarith
havehys5:2*q*r-1=2*(q*r-q-r+1):=by
ring_nf at hyy - <;>linarith
havehyg:2*q*r-1=2*q*r-2*q-2*r+2:=by
ring_nf at hys+ <;>linarith
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narith

arith
s0
num

ave h

1ave h

1ave h

haveh
have h

by_contrahjghavehpp: r<4: =bylinarith2l

r=4: =by linarh8Heh: p=2: =bylinarith23

ntradgetion= by linarhew2h (p: Z)*q>2*3: =by
hayedips . (p: Z)* r>2*5 nlig@eithq: Z)*r>3*5

nlinarfhyls hi17, higPa@¥@ihishkhoy <;
haveiBarith

-—— Casek=2
haveh14:p* q*r-1=2*((p-1)*(q-1)* (r- 1)) :=byring_nf at hk+
;> linarithl5:p=3:=byl5havehis:p + 3:= by tauto <
halvade hy._gonsraiy17 have higiVg wel Lowslord gt puungotde geattyyiign 3
haye dpgtah3 = by ombg¥eh: p = 3:= by omega2Ry pcoRtXd} omega23:
§2v8 & by linarithZoneradichbyinarheWesh (p: Z)* q > 2* 3:
=by nlinaritaleddvsh (p:Z)*r>2*4:=bynlinarithhave h27:(q
:Z)*r>3*4:=bynlinarithhaveh2g: (p:Z)*q*r>2*3*4:
=bynlinarithhaveh2g9: (p:Z)*q*r-1=2*(p-1*(q-1)* (r - 1):
=by linarithhave h30: (p: Z) = 2:= by omega3l: (q: Z) > 3:= by omega
R:(r:Z)> 4 yedega3d3: (p:Z)* q* kaveh2* (p-1*(q-D*(r-1

ve h)) := by linarith have h34: (p:Z)=2:=by omega35:(q: Z) > 3:

=by omega36: (r :DAVE := by omega3d7: (p:Z)*q*r-1=2* ((p-1) * (
q - 1paye h 1)) ;= by linarith have h3g: False :=by39: (p: Z) = 2:

=by omegad0:(q:Z)> 3:=by ohég®M : (r: Z) > 4:= by omegad2: (p: Z)*
q* rhayelR* (p - 1) * (q - 1) *K@ved)) := by linarith have h43: 2* g *
r-1=2*%(1*(q-1)* (r - 1)) := by simp [139] at h42+:> ring_nf at hgp
F<;>linarith44:2*q*r-1=2*{q-1)* (r - 1)) := by ring_nf at h43
F<;>1linarith45:2* q*r-1=2*(q*r-q-r+1):=byring_nf at hgg
F<;>linarith46:2*q*r-1=2*q*r-2*q-2*r+2:=by

ring nfat ha5, <;>linarith
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havehyy:-1=-2%q-2*r+2:=by
linarith
havehyg:2*q+2*r=3:=bylinarith
have hyg:(q:Z) > 3 :=Dby omega
have hsg: (r:Z) > 4 := by omega
havehs:2*q+2*r>14:=by
nlinarith
linarith
exact hsg
havehjg:q > p+1:=by omega
have hyp:r > q+1:=Dby omega
havehyq : (p:Z) > 4 :=Dby omega
have hy; :(q:Z) > 5 := by omega
have hp3:(r:Z) > 6 := by omega
havehyy:(p:Z)*q>4*5:=bynlinarith
havehy5:(p:Z)*r>4*6:=bynlinarith
havehyg:(q:Z)*r>5*6:=bynlinarith
havehyy:(p:Z)*q*r>4*5*6:=bynlinarith
havehyg: (p:Z)*q*r-1=2*((p-1)*(q-1)*(r-1)):=by linarith
have hyg : (p:Z) > 4 := by omega
have hzg:(q:Z) > 5:=Dby omega
have hzq : (r: Z) > 6 := by omega
havehzy:(p:Z)*q*r-1=2*((p-1)*(q-1)*(r - 1)) :=by linarith
have h33 :False := by
nlinarith [sq_nonneg ((p:Z) - 2), sq_nonneg ((q: Z) — 2), sq_nonneg ((r : Z) - 2),
mul_nonneg (sub_nonneg.mpr hy) (sub_nonneg.mpr h3),
mul_nonneg (sub_nonneg.mpr hy) (sub_nonneg.mpr hy),
mul_nonneg (sub_nonneg.mpr h3) (sub_nonneg.mpr hy)]
exact hsz
have hig:q=5:=by
have hy7:p=3:=by linarith
havehig:(p:Z)*q*r-1=2*((p-1)*(q-1)*(r - 1)) :=by linarith
have hig: (p:Z)=3:=bynorm_num [h;7]
havehyg:(q:Z)>4:=by
by_contra hjg
have hy; : @< 3:=by linarith
have hyy : @ =3:=by linarith
have hy3: (p:Z) =3 :=bynorm_num [hq7]
have hyy : (q:Z) =3 := by norm_num [hy,]
have hy5:(r:Z) > 4:=by linarith
norm_num [hy7, hpy, hp3, hyy] at hyg
<>
(try omega) <;>
(trynlinarith) <>
(try
{
nlinarith [mul_pos (sub_pos.mpr hy.2.1) (sub_pos.mpr hy.2.2)]
)
havehy;:(r:Z)>q+1:=by linarith
havehyy:(q:Z) > 4:=by linarith
have hy3: (p:Z)=3:=bynorm_num [h;7]
havehys:(p:Z)*q*r-1=2*((p-1)*(q-1)*(r - 1)) :=by linarith
havehy5:3*q*r-1=2*2*(q-1)*(r-1)):=by
norm_num [hy7, hijg] at hyy +
<>ring_nf at hys + <;> linarith
havehyg:3*q*r-1=4*((q-1)*(r-1)) :=by
ring_nf at hys+
<;>nlinarith
havehyy:3*q*r-1=4*(q*r-q-r+1):=by
ring_nf at hyg +
<;>nlinarith

>
>
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have |
have
haveh

have h

have h

have h

ave h

1

havehy7. 1- 2% q-2*r+2:=by48:2* q+2*r =3:=by linarith have hgg:
(q: Z3 131 Bl omegaS0: (r : Z) > 4 := by omega5l:2* q + 2* r > 14 := by3g have hjg
- q HBVe= by baggdn0 : r > q + 1:= by omBEARRT{FhZ) > 4 := by omega22: (q: Z) >
5:= by omega23hd¥e &) > 6 := by omegand{@BFI iy > 4% 5:= by nlinarith have h2
5:(p: #yveh 4* 6:=bynlinarith hav&¥Rft {‘q :Z)*r>5*6:=bynlinarith
have hp7:(p:Z)* q*r>4*5* 6:=bynlinarithhavehg: (p:Z)* q*r-1=2*((
p-1)*(q-1)* (r-1)):=bylinarithhave h29: (p:Z) > 4:= by omega30:(q:Z)>5
'= by omega3l: (r:Z) > 6:=byomegadigpe E)* q*r-1=2* (p-D*(q-1)* (r -
1)) :=®B3VEikarith have h33: False := by [sq_nonneg ((p : Z) - 2), sq_nonneg ((q:
Z) - 2), sq_nonneg (BLiZ3riBhmul_nonneg (sub_nonnegMpPT h2) (sub_nonnegmpr h
3), mul_nonneg (sub_nonnegMPT h2) (sub_nonneg NPT h4) mul_nonneg (sub_nonneg
1pr h3) (sub_nonneg pr h4)] exact hgghave h16:q=5:=byl7:p=3:
=by linarithl8:(p:Z)* q*r-1=2* (@8 H(q- 1) * (r - 1)) :=by linarith
have h19: (p: Z) = 3:= by norm_num [h17] have h20: (q: Z) » 4 := by20have h21: q <
3:=by linarith22:q=3:= by linarith23}peoBF£8h= by norm_num [h17] have hp
4:(q:Z) 2@y norm_num [h22) have ho5: (r: Z) » 4:= by linarith [h17, h22 h23,
h24] at h18 <«(try nhégayith) <;> RTEnAHEMth [mul_pos (sub_pos.MpPr h02.1
) (sub_pos Mgt 2 Bage hol: (r: Z) > q + 1:=by linarith have h22:(q:7) > 4:
=by linarith23: (p: Z)=3:= by norm_num[h17] have hp4: (p: Z)* q* r —1=2* ((
p-1)*(q-1)*(r-1)):=bylinarithhaveh25:3*q*r _1=2* 2*(q-1* (r-1)
) := by norm_num [117, h19] at hp4+;>ring nf at h24} <;> linarith26:3*q*r -1
=4* ((~1)* (r — 1)) := by ring_hdvathhp5 > nlinarith27:3* q*r-1=4* (q*
r-q-r+1):=byring_nfat hpgr;> nlihaveh

<
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havehyg:3*q*r-1=4*q*r-4*q-4*r+4:=by
ring_nf at hyy -
<>nlinarith
havehyg:—q*r+4*q+4*r-5=0:=by
ring_nf at hygr
<>nlinarith
haveh3p:(q:Z)*r-4*q-4*r+5=0:=by
ring_nf at hyg r
<>nlinarith
havehs :(q-4:Z)*(r-4:Z)=11:=by
ring_nf at hygr
<>nlinarith
havehs3:(q:Z)-4=1A(x:2Z)-4=11V(q:Z)-4=11A(x:Z)-4=1V(q: Z)-4=-1A(r:Z)-4=
-11v(q:Z)-4=-11A(r:Z)-4=-1:=by
haveh33:(q:Z)-4=1Vv(q:Z)-4=11v(q:Z)-4=-1Vv(q:Z)-4=-11:=by
havehss:(q:Z)-4|11:=by
use(r:”Z)-4
linarith
haveh3s5:(q:Z)-4=1Vv(q:Z)-4=11Vv(q:Z)-4=-1Vv(q:Z)-4=-11:=Dby
haveh3g:(q:Z)-4=1Vv(q:Z)-4=11Vv(q:Z)-4=-1Vv(q:Z)-4=-11:=by
rw [« Int.natAbs_dvd_natAbs] at hgy
—— We use the fact that the absolute value of (q — 4) divides the absolute value of 11
have h3y: ((q:Z) — 4).natAbs | 11 := by
simpa [Int.natAbs] using hsy
—— Since the possible divisors of 11 are 1 and 11, we check the cases
have h3g:((q:Z) - 4)natAbs =1V ((q: Z) - 4)natAbs =11 :=by
have h3g: ((q:Z) — 4)natAbs | 11 :=hgy
have hyg:((q:Z) —4)nathAbs < 11 := Nat.le_of_dvd (by decide) hzg
interval_cases ((q:Z) — 4).natAbs <;> norm_num at h3g - <;> omega
cases hzg with
| inl hzg =>
havehy:(q:Z)-4=1Vv(q:Z)-4=-1:=by
have hyp : ((q:Z) —4)natAbs =1 :=hsg
havehy3:(q:Z)-4=1v(q:Z)-4=-1:=by
rw[Int.natAbs_eq_iff] at hyp
tauto
exact hyj
cases hyy with
| inl h41 =>
tauto
| inr hyq =>
tauto
| inr hzg =>
havehy:(q:Z)-4=11Vv(q:Z)-4=-11:=by
have hyp : ((q: Z) — 4).natAbs =11 :=hjg
havehy3:(q:Z)-4=11v(q:Z)-4=-11:=by
rw[Int.natAbs_eq_iff] at hyp
tauto
exact hyj
cases hyy with
| inl h41 =>
tauto
| inr h41 =>
tauto
exact hsg
exact hzs
cases h3z with
| inl hzg =>
haveh34 : (qZ) -4=1 Z=h33
havehss5:(r:Z)-4=11:=by
haveh3g:((q: Z)-4)*((xr:Z)-4)=11:=by
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have hyg . 3« q*r-1=4*q*r-4*q-4*r+4:=byring nfathp7r>nlinarith29: -q*r+4*

q+4*r-5=0:=byring_ nfath2gr:>nlinarith30:{q:Z)* r - 4*hpvath r + 5=0:=by

ring_nf at h2g9+r:> nfnarith3l: (qawely) * (r - 4: Z) = 11:= by ring_nf at h30 ;> nlinarith32: (

§:Z)-4=17"0VEN-4=11V (qQ: Z)-4=11A(r:Z)-4=1V(qQ:Z)-4=-1A (Ra®h 4=-11V (q:

Z)-4=-11A(r:Z)-4=-1:=byhaveh33:(q:Z)-4=1v(q:2Z)-4=11V(qQ:Z)-4=-1V(q: Z) -

4=-11:=byhaveh34:(q:Z)-4|11:=by:Z) -4 linarith35:(q:Z)-4=1v(q:Z)-4=11V (q:

Z)-4=-1v (§SZfr-4=-11:=byhave h3p: (q: Bpveth 1v (q: Z)-4=11V (q: Z)-4=-1V(q: Z) -

4=-11:=by rw [« Int.natAbs_dvd_natAbs] at h34

—— We use the fact that the absolute value of (q — 4) divides the absolute value of 11 have h37: ((q: Z) - 4).

natAbs | 11:= by simpa [Int.natAbs] usingh3s

—— Since the possible divisors of 11 are 1 and 11, we check the cases have h38: ((q : Z) — 4)natAbs =1V ((q:

Z) - 4).natAbs = 11:= by have h39: ((q: Z) - 4).natAbs | 11:=h37have h40: ((q: Z) — 4).natAbs < 11:

=Nat.le_of_dvd (by decide) h3g interval_cases ((q: Z) - 4)natAbs <;>norm_numat h3g ;

> omega cases h3gwith3g=>41:(q: Z)-4=1v(q:Z) - 4=-1:=byhave hg2: ((q: Aeutpnatibs = 1

:= h3g halvdtal : (qhaFPhy -1y (q:Z) - 4= -1:= by rw [Int.natAbs_eq_iff] at hqexact hq3

cases hqj withg] =>41=>38=>41:(q:Z)-4=11Vv (q:Z) - 4=-11:=byhave h4?: ((q: Z) - 4).

hdBhds = FRAHYUBRDARA . (q: Z) - 4=11V (q: Z) - 4= -11:= by rv [Int natAbs_eq_iff] at h42
exact h@lﬁ%mkwith41 =>41 =>3p exact h3g cases h3zwith33=>34" (q:Z)-4=1:= h33zhave h3

5:(r:z)linify .- ??g}iﬁﬁ&l‘i%) —&)* ((r: Z) - H 1Mo phaveh

ave h |

27

AINLP




linarith
rw [h3g] at hae
linarith
exact Or.inl (hyy, hss)
| inr hzg =>
cases hzz with
| inl h33 =>
haveh3s:(q:Z)-4=11:=hs3
haveh3s:(r:Z)-4=1:=by
haveh3g:((q:Z)-4)*((r:Z)-4)=11:=by
linarith
rw [h34] at hsg
linarith
exact Or.inr (Or.inl ¢hzy, h3s))
| inr h33 =>
cases hzz with
| inl hzz =>
have h34 : (q : Z) -4=-1:= h33
havehss5:(r:Z)-4=-11:=by
haveh3g:((q:Z)-4)*((xr:Z)-4)=11:=by
linarith
rw [h34] at hse
linarith
exact Or.inr (Or.inr (Or.inl (hsy, h3s)))
| inr hzz =>
havehss:(q:Z)-4=-11:=h33
havehss:(r:Z)-4=-1:=by
haveh3g:((q: Z)-4)*((xr:Z)-4)=11:=by
linarith
rw [h34] at hse
linarith
exact Or.inr (Or.inr (Or.inr (hsy, h3s)))
rcases hyp with ((hsp, hsz) | (hsp, haz) | (hsp, hasz) | (hsp, h33))
-——Casel:q-4=1andr-4=11
have h3s:q=5:=by
linarith
have hys5: r =15:=by
linarith
simp [h3g, h3s, hys]
<;>norm_num <;> omega
-——Case2:q-4=1landr-4=1
have h3s:q=15:=Dby
linarith
have hys:r =5:=by
linarith
have h3g:r >q:=by
linarith
linarith
-——Case3:q-4=-1andr—-4=-11
have h3s:q=3:=by
linarith
have h3s:r=-7:=by
linarith
have h3zg:r > q:=by
linarith
linarith
-——Case4:q—4=-11andr-4=-1
haveh3s:q=-7:=by
linarith
have hy5:r =3:=by
linarith
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linarith
rw [134] @t h36 1inarith.inl (h34 h35)33=>33 with33

=>34: (q: Z) - 4 kBN have h3s :q249ARN, - 1 .- by36:
hayeh ((q:7)- 4)* (r:Z) - 4) = 11bawghinarith [h34] at h36
linarith.inr (Or.inl (h34, h35))33F>33 With33=>34:(q: Z
ejbRfE ] = h3zhave h3s: (Cag§abi _1havghss: ((q:z) -
4)* ((r:Z)-4) =haveby linarith [h34] at h3g linarith.
inr (Or.inr (Or.inl (h34rh3s))) | inr h33 =>34 : ¢gagt) 0 = —
11:=h33haveh3s: (r:Z)- 4= R8P0 (q:2Z) - 4)* ((r:
Z) - 4) = 1havpyrlinarith [h34] at h3g 1inarith.inr (Or.
inr (Or.inr (h34rh3s))) rcases h3p witdw@bgHhas) | (h32, ha
3) | (h32,h33) | (h32,h33)). —— Case 1:q—4=Tandr — 4= 1134
:q=5:=by35:r=15:= by{'h@lﬁthS, h15] <;>norm_num <;
linarithomegddnaritiz4: q=15:=by35:r=5:=by36:r>q:

- —— Casd2Vp-hd =1 gRimPldndrith : q = BinagBhr = —7:=by36:r>q:

Mpyieslith|  —py  baveiRagithy Dayedaseshr - 3:= by

linaxithh haygdrith havedarith
- tirasg Bhg|— 4= -1 and r — havd h
-havegbe 4:g|-4=-11andr - 4=-1

haveh

28

AINLP




have h3zg:r > q:=by
linarith
linarith
have hyy:r =15:=by
have hig:p=3:=by linarith
havehy9:q=5:=by linarith
havehyp:(p:Z)*q*r-1=2*((p-1)*(q-1)*(r-1)):=by linarith
have hyq : (p:Z) =3 := by norm_num [h;g]
have hyy : (q:Z) =5 :=by norm_num [hig]
norm_num [hyg, hig, hyq, hys] at hyg
<>ring_nf at hyg  <;> omega
have hig: (p, q,r)=(3,5,15) := by
simp_all [Prod.ext_iff]
<;>norm_num <;> linarith
exact Or.inr hyg
-——Casek=3
havehis:p*q*r-1=3*((p-1)*(q-1)*(-1)=by
ring_nf at hk+
<;>linarith
haveh|5:p=2:=by
by_contrah;s
havehig:p>3:=by
by_contrahyg
have hiy:p <2:=bylinarith
have hig:p=2:=by linarith
contradiction
havehig:q>p+1:=bylinarith
havehyp:r>q+1:=bylinarith
havehy;:(p:Z) > 3:=by linarith
have hy;:(q:Z) >4 :=by linarith
have hp3:(r:Z)> 5:=by linarith
havehpy: (p:Z)*q>3*4:=bynlinarith
havehys5:(p:Z)*r>3*5:=bynlinarith
havehyg:(q:Z)*r>4*5:=bynlinarith
havehyy:(p:Z)*q*r>3*4*5:=bynlinarith
havehyg: (p:Z)*q*r-1=3*((p-1)*(q-1)*(r-1)):=by linarith
have hyg: (p:Z) > 3:=by linarith
have h3p:(q:Z) > 4:=by linarith
havehsq : (r:Z)> 5:=by linarith
havehzy:(p:Z)*q*r-1=3*((p-1)*(q-1)*(r-1)):=by linarith
have h33 : False :=by
nlinarith [sq_nonneg ((p:Z) - 2), sq_nonneg ((q : Z) — 2), sq_nonneg ((r : Z) - 2),
mul_nonneg (sub_nonneg.mpr hj) (sub_nonneg.mpr hj),
mul_nonneg (sub_nonneg.mpr hy) (sub_nonneg.mpr hy),
mul_nonneg (sub_nonneg.mpr h3) (sub_nonneg.mpr hy)]
exact hsj
havehjg:q=4:=by
have hyy:p=2:=by linarith
havehig: (p:Z)*q*r-1=3*((p-1)*(q-1)*(r-1)):=by linarith
have hjg: (p:Z)=2:=bynorm_num [h;;]
have hyg:(q:Z) > 3:=by
by_contrahyg
have hy; : @< 2:=bylinarith
have hyp : q=2:=by linarith
have hy3: (p:Z)=2:=bynorm_num [h;7]
have hys : (q:Z) =2 :=by norm_num [hy;]
have hys: (r:Z)> 3:=by linarith
norm_num [hj7, hyy, hys3, hoy] at hig
<>
(try omega) <;>
(trynlinarith) <>

>
>
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haveh

_all

haveh
haveh

wve h

by_c

norm_num

havehgg. p 5 q:=byl7:r=15:=byl8:p=3:=by linarith19:q=5:
= by linarith20: BpvEP* q * r -havedr (p-1)* (9-1)* (r - 1)) :=by linarith
havbjhlﬂf;i(i}y Z) = 3:= by norm_num [h18] have h22: (q: Z) = 5:= by norm_num [h19]
n83¥ it [h18, h19, h21, hp2] at hpo <;> ring_nf at h0t <;> omegals: (p, q, 1) = (3, 5,
15) := by [Prod.ext_iff] <;> norm_f@¥&} linarith.inrhig. _ Casek=314:p* q*
r-1=3*((p-1* (q - B¥a@t01) := by ring_nf at hk r;> 1linha¥el5: p = 2:= byl5
have h16:p > 3:=byl6have h17:p < 2:<by linaritHi@veh- 2bybgontaarh th19
gbypcontxrahlinaritBEvVedt q + 1:= by linard@HMadpctZPs 3 := by linarith22:
(qQ:Z) > 4:=Dby lihave#h23: (r : Z) > 5:= by 1883¥9kn24: (p: Z)* q > 3* 4:
=bynlinarithhahed®d: (p:7)* r > 3* 5:=bynlinarithhaveh2g: (q: Z)* r > 4*
5:=bynlinarithhaveh27:(p:Z)* q*r>3* 4* 5:=bynlinarithhaveh2g: (p:Z
Y*q*r-1=3*((p-1)*(g-1)* (r — 1)) :=by linarith have h29: (p:Z) > 3:
=by linarith30:(q:Z) > 4:=by linarith3l:(r:Z) > 5:=by linarith32:(p:Z)*
q*r-1ka¥efip-1)* (q- 1) * (r - 1))kt inarith have h33: False := by
sq_nonneg ((p : Z) - 2), sq_nonneg ((q : Z) - 2), sq_nonddg f@rizh- 2),
mul_nonneg (sub_nonnegMPT h2) (sub_nonnegMpr h3), mul_nonneg (sub_nonneg
mpr h2) (sub_nonnegMPT h4), mul_nonneg (sub_nonnegMPT h3) (sub_nonnegmpr h4)]
exact hgghave h16:q=4:=byl7:p=2:=by linarithl18:(p: Z)* q*r-1=3* ((p -
1) * (q - 1) * tavell) .= by hauehith have h19: (p: Z) = 2 := by norm_num [h17] have hpg
:(q:Z)>3:=by20have h21:q < 2:=by linarith22:q=2:=by linarith23: (p: Z)
entra & by norm_num Vg have h24: (q: Z) = Ra¥®Rnorm_nwym [h22] have hy5: (r: 7) >
3:=by linarith [h17,h22 h23 h24] at h1g <«(try nhegarith) <;>
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(try
{
nlinarith [mul_pos (sub_pos.mpr hy.2.1) (sub_pos.mpr hy.2.2)]
)
havehy:(r:Z)>q+1:=bylinarith
have hy; : (q:Z) > 3:=by linarith
have hp3: (p:Z)=2:=bynorm_num [h;7]
havehys:(p:Z)*q*r-1=3*((p-1)*(q-1)*(r-1)):=by linarith
havehy5:2*q*r-1=3*(1*(q-1)*(r-1)) :=by
norm_num [hy7, hijg] at hyy +
<>ring_nf at hys + <;> linarith
havehyg:2*q*r-1=3*((q-1)*(r-1)):=by
ring_nf at hys+
<>nlinarith
havehyy:2*q*r-1=3*(q*r-q-r+1):=by
ring_nf at hyg +
<>nlinarith
havehyg:2*q*r-1=3*q*r-3*q-3*r+3:=by
ring_nf at hyy +
<>nlinarith
havehyg:—q*r+3*q+3*r-4=0:=by
ring_nf at hyg+
<>nlinarith
havehsp:(q:Z)*r-3*q-3*r+4=0:=by
ring_nf at hyg
<>nlinarith
havehs :(q-3:2Z)*(r-3:Z)=5:=by
ring_nf at h3gr
<>nlinarith
havehsy:(q:Z)-3=1A(r:Z)-3=5v(q:Z)-3=5A(r:Z)-3=1Vv(qQ:Z)-3=-1A(r:Z)-3=-5
V(Q:Z)-3=-5A(x:Z)-3=-1:=by
haveh33:(q:Z)-3=1Vv(q:Z)-3=5Vv(q:Z)-3=-1V(q:Z)-3=-5:=by
havehsy:(q:Z)-3|5:=by
use(r:Z)-3
linarith
havehss5:(q:Z)-3=1Vv(q:Z)-3=5Vv(q:Z)-3=-1Vv(q:Z)-3=-5:=by
haveh3:(q:Z)-3=1Vv(q:Z)-3=5Vv(q:Z)-3=-1Vv(q:Z)-3=-5:=by
rw [« Int.natAbs_dvd_natAbs] at hyy
—— We use the fact that the absolute value of (q — 3) divides the absolute value of 5
have h3y: ((q: Z) - 3).natAbs | 5:=by
simpa [Int.natAbs] using hsy
—— Since the possible divisors of 5 are 1 and 5, we check the cases
have h3g:((q:Z) - 3)natAbs =1V ((q:Z) - 3).natAbs =5 :=by
have h3g:((q:Z)—-3).natAbs | 5:=h3y
have hyg:((q:Z) - 3)natAbs < 5:=Nat.le_of_dvd (by decide) hag
interval_cases ((q:Z) — 3).natAbs <;> norm_num at hzg - <;> omega
cases hjg with
| inl h38 =>
havehy:(q:Z)-3=1Vv(q:Z)-3=-1:=by
have hyp : ((q:Z) - 3).natAbs =1 :=hsg
havehy3:(q:Z)-3=1v(q:Z)-3=-1:=by
rw [Int.natAbs_eq_iff] at hyy
tauto
exact hyj
cases hyq with
| inl h41 =>
tauto
| inr hyq =>
tauto
| inr h38 =>
havehy;:(q:Z)-3=5Vv(q:Z)-3=-5:=by
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(try { nlinarith [mul_pos (sub_pos.MPr h0.21) (sub_pos.mpr ho.2.2)] })haveh21: (r:Z)> q+1:
=by linarith have h22:(q:Z) > 3:=by linarith23: (p: Z) = 2:= by norm_num [h17] have h24: (p: Z
Y*q*r—-1=3"h@gel)* (q-1)* (r — 1)) :=by linarithhave hp5:2* gq*r - 1=3* (1*(q-1)* (r- 1)
) := by norm_num [217, h19] at hp4 ;> ring_nf at ho4} <;> linarith26:2* q*r-1=3*((q-1) * (r -
1)) := byring_nf at hp5+:> n1inhaielR7:2* q* r-1=3* (Q* r - q-r + 1) := by ring_nf at hpg+;
>nlinarith28:2* q* Raveh3* q*r —3* q-3*r + 3:= by ring_nf at hp7+:> nTinarith29: -q*

hayeh3* q+3*r —-4=0:=byring_nf at hpg+;> nlinarith30:q: Z)* r - 3*hgvedr r + 4=0:=by
ring_nf at h29+:> nlinarith3l: (q - 3: AyvErh- 3:Z)=5:= by ring_nf at h3o+;> nlinarith32:(q:
Z)-3=1A(r BByeB=5v(q:Z)-3=5A(r:2)-3=1Vv(q:Z) 3=-1A(r: Aav8h - 5v(q:Z)-3
=-5A(r:Z)-3=-1:=byhaveh33:(q:Z)-3=1v(q:Z)-3=5v(q:Z)-3=-1v(q:Z)-3=-5:
=byhaveh34:(q:Z)-3|5:=by:Z)-31linarith35:(q:Z)-3=1v(q:Z)-3=5Vv(q:Z)-3=-1
V(q: Zpe = -5:=byhave h3g: (q:7) hawely (q: Z)-3=5v(q:Z)-3=-1Vv(q:Z)-3=-5:=by
rw [« Int.natAbs_dvd_natAbs] at h34
—— We use the fact that the absolute value of (q — 3) divides the absolute value of 5 have h37: ((q : Z) - 3).natAbs |
5:=by [Int.natAbs] Using h34 —— Since the possible divisors of 5 are 1 and 5, we check the cases have h3g: ((q:
Z) - 3)natAbs =1V ((q: Z) - 3).natAbs = 5:= by have h39: ((q : Z) - 3).natAbs | 5:=h37have h4g: ((q:
Z) - 3)natAbs < 5:= Nat.le_of_dvd (by decide) h3g interval_cases ((q:Z)—-3)nathbs <;
>norm_num at h3g, <;> omega cases h3gwith3g=>41:(q:Z)-3=1v(q:Z)-3=-1:=byhavehgp:(
(q: Z) +8uhatAbs = 1:= haghavémhd: qhamels_ 1y (q:Z)-3=-1:=by rw[IntnatAbs_eq_iff]

at hqexact hq3 cases h4g withq) =>41=>38=>41:(q:Z)-3=5Vv (q: Z)-3=-5:=by
|inlh tautdauthaveh
| inyt hinr h
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have hyp : ((q: Z) — 3).natAbs =5 :=hsg
havehy3:(q:Z)-3=5Vv(q:Z)-3=-5:=by
rw [Int.natAbs_eq_iff] at hyp
tauto
exact hyjs
cases hyy with
| inl h41 =>
tauto
| inr h41 =>
tauto
exact hzg
exact hzs
cases h3z with
| inl hzg =>
haveh34:(q:Z)—3:1 Z=h33
havehs5:(r:Z)-3=5:=by
haveh3g:((q: Z)-3)*((x:Z)-3)=5:=by
linarith
rw [h34] at hae
linarith
exact Or.inl ¢hzy, h3s)
| inr hzz =>
cases hzz with
| inl h33 =>
haveh3s:(q:Z)-3=5:=h33
havehss:(r:Z)-3=1:=by
haveh3g:((q: Z)-3)*((xr:Z)-3)=5:=by
linarith
rw [h3s] at hae
linarith
exact Or.inr (Or.inl ¢hyy, h3s))
| inr h3z =>
cases hzz with
| inl hzz =>
haveh3s:(q:Z)-3=-1:=h33
have hz5:(r:Z)-3=-5:=by
haveh3g:((q:Z)-3)*((xr:Z)-3)=5:=by
linarith
rw [h34] at hse
linarith
exact Or.inr (Or.inr (Or.inl (hsy, h3s)))
| inr h33 =>
haveh3y:(q:Z)-3=-5:=h33
haveh3s5:(r:Z)-3=-1:=by
haveh3g:((q: Z)-3)*((xr:Z)-3)=5:=by
linarith
rw [h34] at hae
linarith
exact Or.inr (Or.inr (Or.inr (hsy, h3s)))
rcases hjp with ((hap, has) | (hap, has) | (hso, haz) | (hsp, has))
-——Casel:q-3=1andr-3=5
have h3s:q=4:=by
linarith
have hy5:r =8:=by
linarith
simp [h34, h35, hys5]
<;>norm_num <;> omega
-——Case2:q-3=5andr-3=1
have h3s:q=8:=by
linarith
have hy5:r =4:=by
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haveh

| inrh

linarith|

-havgghe 2: ¢
haveh

have hyy . ((q:Z) - 3)natAbs = 5:=h3ghave h43: (q:
Z)-3%x8ut(g:Z)-3=-5:=byrw[Int.natAbs_eq_iff]
at hgexact hyg3 cases hgq withgg =>41 =>36 exact hag
cases h3gwith3Bikh: (qttaautp.= hgzhave hgs: (r: Z
j inglhs . _Raughq: 7) —b’)%c% -3)=5:=bylinarith
[h34] at h36 1inarith.inl (h34 h35)33 =>33 withgg=>34: (q
. Z) - 3=5 ckhREMave h3s : (v :2FERLN .- BREE N (. 7) - 3
)* ((r: Z) - 3) = 5:h@yelhnarith [h34] at h3g 1inarith.
inr (Or.inl (h34, h35))88 =>33 with33=>34: @ragf 08 =-1:
=h3gzhave h3s: (Faggabd. _davgdses. (q:2)-3)* (r:2)
- 3)=5hawglinarith [h34] at h3g 1inarith.inr (Or.
inr (Or.inlxW34, h35))) | inr h33 =wzacl0w) - 3= -5:=h33
have h35: (r:7)-3=-182%%6: (q: 2)-3) * (r: 2)-3) =
5havg hinarith [h34] at h3g linarith.inr (Or.inr (Or.
inr (g4, h3s))) rcases h3p waxhdti®p, haz) | (h3p, h33) | (b3
,h33) [ (h32,h33)) . —— Case1:q-3=1andr-3=534:q=4:
=by35:r=8:=by FEBZEEIGS, h15] <;>norm_num <;

linadeish 34:q=8:=by35:r=4:=by

— 3immnd r 13rdrith

haveh
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linarith
have hzg:r >q:=by
linarith
linarith
-——Case3:q-3=-1andr-3=-5
haveh3s:q=2:=by
linarith
haveh3s:r=-2:=by
linarith
have h3zg:r > q:=by
linarith
linarith
-——Case4:q-3=-5andr-3=-1
haveh3s:q=-2:=by
linarith
have hy5:r =2:=by
linarith
have h3zg:r > q:=by
linarith
linarith
havehyy:r=8:=by
have hig:p=2:=by linarith
havehig:q=4:=by linarith
havehyg:(p:Z)*q*r-1=3*((p-1)*(q-1)*(r-1)):=by linarith
have hyp : (p:Z) =2 :=by norm_num [h;g]
have hy; : (q:Z) =4 :=by norm_num [hi9]
norm_num [hyg, hig, hyq, hysr] at hyg
<>ring_nf at hyg F <;> omega
have hig:(p,q,r)=(2,4,8) :=by
simp_all [Prod.ext_iff]
<;>norm_num <;> linarith
exact Or.inl hyg
exact hjy

1

B. Examples of the Proofs Generated by DeepSeek-Prover-V2-7B on Putnam-
Bench

import Mathlib
open Nat Set

/——

Let H be an n X n matrix all of whose entries are +1 and whose rows are mutually orthogonal. Suppose H has an
a X b submatrix whose entries are all 1. Show that ab < n.

-/

theorem putnam_2005_a4

m:IN)

(H:Matrix (Finn) (Finn) R)

(ab:IN)

(S:Matrix (Fin a) (Fin b) R)

(npos:n>1)

(Hentries:Vij:Finn, Hi j=1VvHij=-1)

(Hortho : HHasOrthogonalRows)

(hab:1<aAra<nAl<bAb<n)

(Ssub:3 (rri:Fina— Finn)(cri:Finb — Finn), rri.Injective A cri.Injective A S =H.submatrix
rricri)

(Sentries:V(i:Fina)(j:Finb),Sij=1)

:a*b<n:=by
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linarith
havehgg. 15 g .= by 34:q=2:=by35:r =-2:=by36:
r > q:Sbparith 34:q=-2kiBp35th=2 LHpaseth> q = byl7:r=8:
linarith by18 ipar3 thplinanitich1o Natkbitdy 11 Ba¥ePHI: p: Z2)* q* r-1=
havelinaritdhye fp - )37 baweind 40! fiATedly i cn ha¥Banithy . 7) - 2.
’ ;;via;e 4 Loy norm num [RIB] Have h22 (q:Z)=4:=%y %grm_num [219] norm_num [b
18, h19,h21 h22] at hpg <;> ring_nf at h20 <;> omegal8: (p, q, ) = (2,4, 8)
:= by [Prod.ext_iff] <BaHéd_num <;> linarith.inl hjgexact hs * * ¢
exact Or

B. DeepSeek-Prover-V2-7B 7E Putnam- Bench _E & A IERH Rl

import Mathlib

open Nat Set

I—= & HN—Dnxn B8, HAFAEITESN £1, HFHETHIER, BEHE 1 axb 75K, HrGTE

YN 1, UEBH ab < no -/ theorem putnam_2005_a4 : IN): Matrix (Finn) (Finn) R):IN):

Matrix (Fina) (Finb) KR:n>1): Vi j:Finn, ¥ j@RVHi j=-1) (Hortho(H, HasOrthogonalRows)
(npes<ara<nAl<BleMZIHS 3 (rri:Fina — Finn)(cri:Finb — Fitap rri. Injective A cri,

(Ssybnjective A S=H, submatrixrricri):V(i:Fina)(j:Finb), Sij=1):a*b<n:=by

(Sentries

32

AINLP




obtain (rri, cri, hrinj, hcrij, hsub) := Ssub
haveh;:a<n:=hab21l
havehy:b<n:=hab.2.22
havehz:a*b<n:=by
calc
a*b=Cardinal.toNat (a * b) := by simp [Nat.cast_inj]
_ < Cardinal.toNat (n) := by
apply?
_=n:=by simp [Nat.cast_inj]
exact hg

import Mathlib
open Set Nat Function

——funn— 2" (n+1)
/-
Let n be a positive integer. Find the number of pairs P, Q of polynomials with real coefficients such that
A
PON2 +(QX)"2 = XM2n} +1
\]
and deg P > deg Q.
-/
theorem putnam_2007_b4
(m:IN) (npos:n>0):
({(P, Q) : (Polynomial R) x (Polynomial R) |[P "2+ Q"2 =Polynomial. X" (2*n)+ 1A P.degree >
Q.degree}ncard = ((funn— 2" (n+1)):IN - N )n) :=by
haveh;:Vn:N,n>0— ({(P,Q): (Polynomial R) x (Polynomial R) |[PA2+ Q"2 =Polynomial X" (2*
n) + 1 A P.degree > Q.degree }.ncard:IN) =2/ (n + 1) := by
intronhn
haveh:¥Vn:IN,n>0— ({ (P, Q) : (Polynomial R) X (Polynomial R) |P "2+ Q~ 2 =Polynomial X~ (2*n)
+1 AP.degree > Q.degree }ncard:IN) =2/ (n + 1) :=by
intronhn
haveh;: ({ (P,Q): (Polynomial R) X (Polynomial R) |[PA2+ Q" 2=Polynomial XA (2*n)+1A
P.degree > Q.degree }.ncard: N) =2/ (n + 1) := by
havehy : ({ (P, Q) : (Polynomial R) X (Polynomial R) |[P/~2+ Q" 2=Polynomial XA (2*n)+1A
P.degree > Q.degree }: Set ((Polynomial R) X (Polynomial R))).ncard =2/ (n + 1) := by
rw [« Cardinal.natCast_inj]
apply?
exact_mod_cast hp
exact hy
exact hnhn

havehy: ({ (P, Q) : (Polynomial R) x (Polynomial R) |P "2+ Q"2 =Polynomial.X " (2*n)+1 A P.degree
> Q.degree Jncard :IN) =2/ (n + 1) :=by

apply by

exact npos

simpa [hp] using hy

C. Revision to MiniF2F

1. mathd_algebra_24T7:

| /——TLett=2s—s2and s = n% —2"+1. What is the value of t when n = 3? Show that it is 0.—/
theoremmathd_algebra 247 (ts:R)(n:Z)(hg:t=2*s-s"2)(hy:s=n"2-2"n+1)
m(_:n=3):t=0:=by
sorry
—— revise to
theoremmathd_algebra_247 (ts:R)(n:Z)(hg:t=2*s-s"2)(hy:s=n"2-2"n+1)
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calc

obtain (rri, cri, hrinj, hcrij, hsub) := Ssub havehj:
a<n:=hab.21haveh?:p<n:=hab222haveh3:a*
b<n:=by*b=Cardinal.toNat (a* b) := by simp [Nat.
cast_inj] _ < Cardinal.toNat (n) :=by?_=n:=by simp [
Nat.cast_iapplgact h3

import Mathlib
open Set Nat Function

—funn->2"m+1)
I—= B n NIEEERY, SR DUR AR Z 0N P AT Q BN \[ (P(X))2 + (Q(X))2 = X{2n} + 1\] H. deg P > = deg
Q. —/theorem putnam_2007_b4 : IN) (npos :n>0): ({(P,Q): (Polynomial R) x (Polynomial R) |[P72+Q 72
=PolyBomial X A (2* n) + 1 A P.degree > Q.degree} . ncard = (funn~ 2/ (n+ 1)) : N — N ) n) := by have h
1:vn:N,n>0—- ({ (P, Q) : (Polynomial R) X (Polynomial R) |P 2+ Q 2=Polynomial X" (2*n)+ 1 A P.
degree > Q.degree }.ncard:IN) =2~ (n+1):=byintronhn:Vn:N,n>0— ({ (P,Q) : (Polynomial R)
X (Polynomial R) |P 2+ Q /2 = Polynomial X A (2ha¥ei A P.degree > Q.degree }.ncard :N) =2~ (n+1):
=by intronhnl: ({ (P,Q): (Polynomial R) x (Polynomial R) |P 72+ Q/2=Polynomial X" (2*n)+ 1 AP.
degrbaveidegree }.ncard : N) =2/ (n + 1) := by have h2: ({ (P, Q) : (Polynomial R) x (Polynomial R) | P 2
+Q72=Polynomial X " (2* n) + 1 A P.degree > Q.degree } : Set ((Polynomial R) X (Polynomial R))).
ncard =2/ (n+ 1) := by rw [« Cardinal.natCast_inj] apply?exact_mod_cast h exact hi exact hn hn2
:({ (P,Q): (Polynomial R) x (Polynomial R) |P 2+ Q 2=Polynomial X~ (2* n) + 1 A P.degree > Q.degree
}ncard :IN) =2/ (n + 1) := by aPP1y h1 exact npos [h2] using h have h

simpa

C. XMiniF2FHIEIT

1. mathd_algebra_247:

o ibe=2 g2 = 22+ 1 M n=K 3, (HIEREL? EHER O,

theorem mathg algebra_247 (ts: R)(n: Z)(ho: t=2*s-s®)(1: s=n®-2
An+1) (n) theonemPathd=algebra_247 (ts: R)(n: Z)(ho: t=2*s-s®h1:
s=n”2-2"n+1
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(L:n=3):t=0:=by
sorry

. induction_sum_odd:

/—— Show that for positive integer n, ZZ;& (2k+1)=n2.—/

theorem induction_sum_odd (n:IN): (Y k in Finset.rangen,2*k)+1=n"2:=by
sorry

—— revise to

theorem induction_sum_odd (n:IN): (3 k in Finset.rangen, 2*k + 1)) =n /" 2:=by
sorry

. induction_prodlplonk3le3mlonn:

/—— Show that for any positive integer n, we have HZ:l 1+1/k%) <3-1/n—/
theorem induction_prodiplonk3le3mlonn (n:IN) (hp:0<n):
([TkinFinset.Icc1n,1+(1:R)/k"3)<(B3:R)-1/Tn:=by
sorry
—— revise to
theorem induction_prodiplonk3le3mlionn (n:IN) (hp:0<n):
([TkinFinset.Iccln, (1+(1:R)/k"3)<(B3:R)-1/Tn:=by
sorry
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(L:n=3):t=0:=by
sorry

2. induction_sum_odd:

Yz

o
SOTLy

[—— UERAXN FIEE S n, A yn-1k=0(2k + 1) _ 2~/ febpe¥en induction_sum_odd (n:N)
(X kinFinset.rangen,2* k) + 1=n"2:=bytheorem induction_sum_odd (n:IN): (
> kinFinset.rangen, (2* k + 1)) =n 2 := by sorry

3. induction_prodlplonk3le3mlonn:

= VEWDH FAET R4 n, el 1A =101+ 148 < 3- 1/n—
nggyem induction_prodiplonk3le3mionn (n:IN) (h0:0<mn):(

| Hrggige Finset.Icc1n,1+(1:R)/k8) < (3:R)-1/Tn:=by
theorem induction_prodiplonk3le3mionn (n:IN) (ho:0<mn):(
[TkinFinset.Icc1ln,(1+ (1:R)/k )< (3:R)-1/Tn:=by sorry
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